1/2 


'  HD-A18S  <43 


UNCLASSIFIED 


TURBULENCE  TURBULENCE  CONTROL  AND  DRAO  REDUCTIONS) 
VALE  UNIV  NEW  HAVEN  CT  NASON  LAB  K  R  SREENIVASAN 
B1  RUG  87  AFOSR-TR-67-S984  4AF0SR-82-0299 

F/G  20/4 


MICROCOPY  RESOLUTION  TEST  CHART  j 

W _ N/HIONAl  BUREAU  OF  STANDARDS- 1963  A  ' 


£WTO»V 


'Jk  J  "w"  r\^  ^  nr  1  w  ■  W1 


1 

1 

n 

&  ^ 

_ 

m 

SECURITY  CLASSiP' 

I 

1 

M 

istai 

AD- A 185  643 


tMJi _ sm 

iPORT  DOCUMENTATION  PAGE  U,I° 

""  ™~*  ”  ”**  I  to  SfcSTBiCTivE  markings 


r ~  rv 


3  0'5TBiauTION<AVAlLA8iUTr  OF  REPORT 


uttLow'".* ■  iun/oowngraoing  scheoule 

P^^TcRMING  ORGANIZATION  REPORT  NUMBER'S) 


APPROVED  FOR  PUBLIC  RELEASE 
DISTRIBUTION  IS  UNLIMITED 


5  MONITQRIMG  ORGANIZATION  REPORT  NUMB6RISI 


AFOSR-TK-  87-  0  984 


NAMI  O^MINQ  ORGANIZATION  feo  OF  F  » Cfc  S  >  MBO  U  I  NAME  OF  MQN  iTQRjNG  ORGANIZATION 


AM|  OF  PERFORMING  QRGAI 

YALE  UNIVERSITY 


'If  applicable i 


w/iftr 


lie  AOORCSS  (Ctly.Stmtc  *r>4  /If  Cu4*i 

I  DEPT.  OF  MECHANICAL  ENGINEERING 


PO  BOX  2159,  MASON  LAB 
NEW  HAVEN  CT  06520 


,s  AOOBm&W7ircod'' 

B0LLIN.G  AFB ,  DC  20332-6448 


IB*  NAME  OP  PONOING/SPQNSQRING^ 

organization  AFOSR/NA 


SB  Office  SVMSOl  9  PROCl^S£J£l£r  IgS^Ry^^J  IDENTIFICATION  NUMBER 


*  •“Bmtffttrfltrr*1 

BOLLING  ABB,  DC  20332-6448 


I  to  SOURCE  OP  PUNOING  NOS 


PROGRAM  PROJECT 

element  no  no. 

61102F  2307 


TASK  WORK  UNIT 

NO.  NO. 

A2 


Tl U )/"* t13 R^tj'u ^fWfif*,,°'?U RB U L E NC E  CONTROL,  AND  DRAG  REDUCTION 
IVASAN 


W T7,l8,AL<TECH«ICAL|',:';0,’iaS>TO?0  AUG  |i3ljy8  °’ °K87 

II.  SUFRCEMENTARV  NOTATION 


COSATl COOES 


F»iLO  I  GROUP 


18  SUBJECT  TERMS  iC->nltnue  on  'fte'i*  if  ncceuory  and  identify  by  bloc  A  number) 

TURBULENCE,  FLOW  CONTROL,  DRAG  REDUCTION 


t#.  ABSTRACT  (Continue  on  * evert*  if  necetsam  and  identify  by  bluet  numbr* 


Progress  is  reported  on  fundamental  studies  in  turbulence  dynamics,  flow 
control,  and  drag  reduction.  Publications,  theses  and  reports  arising 
from  these  studies  are  listed  and  discussed  briefly.  The  publications 
are  enclosed  as  a  part  of  this  report,  but  not  the  theses  and  unpublished 
reports.  ""  ,  / 


s 


DTIC 


ELECTE 
OCT  0  1  1987 

CM' 


30.  OlETRIEuTIONiAVAILAEILlTY  op  abstract 

unclamipko/unlimitco  a^M«  AS  RPT  _  0T  C  -S£  *S  _ 
33a  NAME  op  RESPONSIBLE  INOIVIOUAL 

JAMES  M  MCMICHAEL 


21  ABSTRACT.  SECuR i T  V  CLASSIFICATION 

UNCLASSIFIED 


:jb  telephone  number 

'■'“?'0i'Vf8,?'-49  35 


33c  OPPlCE  SYMBOL 

AFOSR/NA 


00  FORM  1473,  83  APR  CT  EOiTiOt*  0»  I  f. 3  IS 


Report  AF0SR-82-0299 


b 


AFOSR-TR-  8  7-  0  984 


TURBULENCE,  TURBULENCE  CONTROL  AND  DRAG  REDUCTION 


K.R.  Sreenivasan 

Department  of  Mechanical  Engineering,  P.O.  Box  2159 
Mason  Lab.,  Yale  University,  New  Haven,  CT  06520 


1  August  1987 

Final  Report  for  Period  29  August  1982-29  August  1985 


AIR  FORCE  OFFICE  OF  SCIENTIFIC  RESEARCH 
BOLLING  AIR  FORCE  BASE 
WASHINGTON,  D.C.  20332 


* 


work  done  under 


msorship  during 


Preamble 


This  report,  documenting  the  progress  made  under  AFOSR  sponsorship  (AFOSR-82-0299), 
is  a  summary  of  the  three  yearly  progress  reports  submitted  to  AFOSR,  and  also  includes  material 
described  verbally  to  the  Program  Manager,  Dr.  James  McMichael,  during  our  periodical  meetings. 
The  research  falls  within  the  general  area  of  Turbulence,  Turbulence  Control  and  Drag  Reduction*. 
The  progress  made  during  the  three  year  period  1982-85  can  be  classified  under  the  following  four 
categories: 

(1)  Fundamental  studies  on  turbulence  dynamics 

(2)  Flow  control  studies 

(3)  Viscous  drag  reduction 

(4)  Miscellaneous. 


Each  of  these  areas  will  now  be  described  briefly  in  the  following  sections;  each  section  also 
contains  some  general  qualitative  remarks. 


The  emphasis  in  this  part  work  has  been  the  examination  of  whether,  and  if  so  how,  the 
modem  notions  of  dynamical  systems,  chaos  and  nonlinear  systems  can  enhance  our  understanding 
of  turbulent  flows  in  a  way  that  we  can  use  this  improved  understanding  to  predict  better  quantities 
of  direct  interest  in  practical  circumstances,  such  as  mixing  and  drag.  The  strides  made  so  far  may 
not  be  remarkable  in  an  absolute  sense,  but  we  have  definitely  made  some  non-trivial  progress. 
When  this  work  was  begun,  it  was  not  fashionable  within  the  fluid  mechanics  community  (in  fact, 
some  workers  looked  upon  it  rather  unkindly),  but  many  more  groups  are  now  engaged  in  similar 
work.  We  think  that  turbulence  is  not  chaos,  and  is  more  complex  than  the  complex  behavior 
associated  with  simple  maps  (for  instance),  but  that  many  tools  employed  for  analyzing  chaos  can 
be  used  profitably  to  gain  a  better  understanding  of  turbulence.  Furthermore,  in  spite  of  the  protests 
of  some,  we  also  believe  that  the  canonical  routes  to  chaos  have  some  relevance  to  the  manner  in 
which  transition  to  turbulence  occurs  at  least  in  some  special  circumstances. 

Some  idea  of  the  work  done  can  be  had  by  the  list  of  publications  (including  reports  and 
theses)  that  arose  from  it.  We  list  them  below,  and  discuss  them  briefly.  Most  publications  are 
enclosed,  but  not  the  theses  and  the  interim  reports  (partly  because  they  have  already  been  mailed  to 
AFOSR  at  different  times,  and  partly  because  they  duplicate  some  of  the  published  material). 

The  significance  of  this  work  is  that  it  brings  together  the  recent  mathematical  concepts  from 
nonlinear  dynamics  and  some  classical  concerns  in  fluid  mechanics.  It  is  believed  that  this  cross 
fertilization  will  have  significant  impact  on  our  understanding  of  turbulence  in  the  next  ten  years  (or 
so).  The  publications  are:  . 


a.  K.R.  Sreenivasan  &  P.J.  Strykowski  (1984)  'On  anologies  between  turbulence  in 
unconfined  flows  and  chaotic  dynamical  systems’:  In  Turbulent  and  chaotic  phenomena  in 
fluids',  pp.  191-196,  North-Holland  (ed.  T.Tatsumi) 

It  was  in  this  paper  that  the  dimension  of  the  attractor  was  first  calculated  from  experimental 
signals  (more  or  less  concurrently  with  others  in  the  physics  community  who  did  similar 
calculations  in  the  Taylor-Couette  flow).  We  indicated  that  the  Ruelle-Takens  scenario  may  hold 
during  transition  to  turbulence  in  coiled  pipes.  We  have  not  pursued  this  flow  much  because  of  the 
difficulty  in  obtaining  purely  periodic  phenomena,  but  have  pursued  this  line  of  enquiry  in  other 
flows  (see  below). 


b.  K.R.  Sreenivasan  (1985)  'Transition  and  turbulence  in  fluid  flows,  and  low-dimensional 
CMOS;  In  'Frontiers  of  fluid  mechanics',  pp.41-67,  Springer-Verlag  (ed.  S.H.  Davis  &  J.L. 
Lumley) 

We  showed  that  the  points  of  view  now  developing  from  the  understanding  of  chaotic 
dynamical  systems  can  be  useful  for  interpreting  the  phenomena  associated  with  transition  to 


2 


I 


turbulence  in  wakes  behind  cylinders.  This  manuscript  created  some  interest,  and  there  are  claims 
that  the  windows  of  chaos  and  order  observed  in  this  paper  were  due  to  the  aeroelastic  coupling 
between  the  flow  and  the  cylinder.  It  is  quite  clear  that  aeroelastic  coupling  is  a  sufficient  condition 
for  producing  these  windows  of  order  and  chaos,  but  that  is  not  a  necessary  condition.  Our  present 
view,  based  on  a  number  of  unpublished  measurements  including  those  on  cylinder  vibrations,  is 
that  small  three  dimensionalities  (invariably  present)  in  the  wake  of  a  rigid  cylinder  will  be  enough 
to  produce  the  results  obtained  in  this  manuscript.  Further  work  is  in  progress. 

c.  K.R.  Sreenivasan  (1986)  'Chaos  in  open  flow  systems’:  In  'Dimensions  and 
entropies',  pp  222-230,  Springer-Verlag  (ed.  G.  Mayer-Kress) 

In  this  paper,  we  discussed  the  general  difficulties  associated  with  measurement  of 
dimensions  and  Lyapunov  exponents  in  open  flows,  and  presented  trends  with  Reynolds  number. 
Flows  examined  were  wakes,  jets,  mixing  layers  and  flow  through  coiled  pipes. 

* 

d.  K.R.  Sreenivasan  &  C.  Meneveau  (1986)  'The  fractal  facets  of  turbulence*  J.  Fluid 
Mech.  ill  357-386. 

In  this  paper,  we  showed  that  there  are  various  facets  of  turbulent  flows  that  are  fractal-like, 
and  measured  by  experiment  the  fractal  dimensions  of  turbulent/non-turbulent  interfaces, 
iso-velocity  surfaces,  iso-dissipation  surfaces,  etc.  Part  of  our  contribution  in  this  paper  (and  in 
reference  (c)  above)  is  believed  to  be  the  rendering  of  some  mathematical  properties  of  strange  sets 
amenable  to  measurement,  and  the  interpretation  of  these  measured  measurements  in  contexts  of 
fluid  flows.  In  particular,  we  examined  the  following  questions:  (a)  Is  the  turbulent/non-turbulent 
interface  a  self-similar  fractal,  and  (if  so)  what  is  its  fractal  dimension?  Does  this  quantity  differ 
from  one  class  of  flows  to  another?  Arc  constant-property  surfaces  (such  as  the  iso-velocity  and 
iso-concentration  surfaces)  in  fully  developed  flows  fractals?  What  are  their  fractal  dimensions?  (c) 
Do  dissipative  structures  in  fully  developed  turbulence  form  a  fractal  set?  What  is  the  fractal 
dimension  of  this  set?  Answers  to  these  questions  shed  some  light  also  on  some  long  standing 
questions  in  turbulence  -  for  example,  the  growth  of  material  lines  in  a  turbulent  environment.  The 
overwhelming  conclusion  turned  out  to  be  that  several  facets  of  turbulence  can  be  described  by 
fractals,  and  that  their  fractal  dimension  can  be  measured.  Currently,  we  are  trying  the  explain  our 
findings  in  terms  of  the  dynamics  of  turbulence,  and  examine  the  implications  of  these  findings  to 
turbulent  mixing. 

V 

e.  K.R.  Sreenivasan  &  R.  Ramshankar  (1986)  'Transition  intermittencv  in  open  flows,  and 
intermittencv  routes  to  chaos’.  Physica  23D.  241-258. 

The  intermittent  transition  to  turbulence  in  open  flows  (mainly  pipe  flows)  was  examined  in 
this  paper  in  the  context  of  intermittency  routes  to  chaos.  Preliminary  conclusions  were  that  some 
quantitative  connections  could  be  discerned,  but  that  they  were  incomplete.  In  a  similar  manner, 
connections  with  phase  transition  and  other  critical  phenomena  were  also  found  to  be  imperfect. 
Some  measurements  which  we  hope  will  be  useful  in  developing  alternative  models  describing  the 
essentials  of  the  phenomena  were  described.  .  k 

l 

f.  K.R.  Sreenivasan,  P.J.  Strykowski  &  D.J.  Olinger  (1987)  'Hopf  bifurcation.  Landau 
equation,  and  vortex  shedding  behind  circular  cylinders'1.  In  'Forum  on  unsteady  flow 
separation'  of  the  ASME  Transactions,  pp.  1-13  (ed.  K.N.  Ghia). 

In  this  paper,  we  have  shown  by  measurement  that  the  bifurcation  accompanying  the  vortex 
shedding  behind  circular  cylinders  is  of  the  Hopf  type,  and  that  the  Landau  equation  (with 
constants  possibly  depending  on  the  spatial  position)  describes  the  post-critical  behavior  quite 
accurately.  We  determine  typical  Landau  constants.  Finally,  we  have  examined  the  sense  in  which 
absolute  instability  is  relevant  to  the  vortex  shedding  problem. 


2.  Flow  control  research 

This  has  been  a  central  issue  of  our  research,  but  a  number  of  things  resulting  from  it  have 
remained  unpublished  to-date,  although  they  are  at  various  stages  of  publication  now.  The  bulk  of 
the  work  can  be  found  in  two  Ph.D. theses,  whose  titles  and  abstracts  are  given  below. 
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The  control  of  the  absolutely  unstable  wake  flow  and  the  convectively  unstable  boundary 
layer  is  investigated.  The  control  (i.e.,  suppression)  of  disturbances  in  the  wake  and  the  boundary 
layer  is  achieved  through  different  means,  because  the  flows  are  governed  by  different  types  of 
instabilities.  For  instance,  vortex  shedding  behind  circular  cylinders  can  be  suppressed  (over  a 
limited  range  of  Reynolds  number)  by  the  proper  placement  of  a  second  smaller  cylinder  in  the 
near-wake  of  the  main  shedding  cylinder.  The  control  is  new  and  quite  dramatic,  and  is  a 
consequence  of  the  wake  being  absolutely  unstable.  Control  in  the  boundary  layer  is  achieved  by 
acting  on  the  disturbances  directly  because  the  flow  is  dominated  by  the  convective  instablity.  In  the 
boundary  layer,  control  is  successfully  applied  to  Tollmien-Schlichting  waves  and  narrow 
band-passed  random  waves  using  the  wave  superposition  principle.  The  control  is  achieved  by 
using  a  novel  technique,  namely  suction  and  blowing,  by  which  disturbances  are  produced  and 
subsequently  controlled. 

A  publication  that  has  resulted  from  this  work  is: 

P.J.  Strykowski  &  K.R.  Sreenivasan  (1985)  'The  control  of  transitional  flows’  AIAA 
Paper  -85-0559,  Presented  at  the  AIAA  conference  on  Shear  Flow  Control,  Boulder. 

Two  other  papers  are  expected  to  be  prepared  on  the  basis  of  this  thesis. 


The  purpose  of  the  present  research  is  to  demonstrate  experimentally  a  set  of  methods  for  the 
active  control  of  combustion  and  acoustically  coupled  fluid  dynamic  instabilities.  These  methods 
are  based  on  the  theoretical  understanding  of  the  interaction  of  mass,  momentum  or  energy  sources 
with  a  disturbance  in  the  system.  The  disturbance  could  be  linear  or  nonlinear  and  either  vortical, 
acoustic  or  in  the  entropy  mode.  It  has  been  shown  that  periodic  addition  of  mass,  momentum  or 
energy  can  result  in  either  the  amplification  or  the  decay  of  the  energy  in  a  periodic  disturbance 
depending  on  the  phase  in  which  this  addition  occurs.  Successful  control  has  been  achieved  in 
several  cases  of  fluid  dynamic  and  combustion  instability  ranging  from  laboratory  scale 
experiments  to  an  operational,  large  combustion  tunnel. 

The  method  of  heat  addition  was  used  to  succesfully  control  oscillations  in  a  Rijke  tube,  a 
whistler  nozzle,  resonance  in  a  pipe  set  up  by  loud  speaker,  and  a  turbulent  pipe  flow  with 
superposed  acoustic  resonance.  It  was  found  that  more  control  heat  is  necessary  to  suppress 
oscillations  in  a  large  background  of  turbulent  noise.  Drag  forces  generated  by  fine  screens  was 
used  to  suppress  the  oscillations  in  a  whistler  nozzle.  A  feedback  mechanism  was  designed  to 
oscillate  the  screens  in  the  proper  phase  to  achieve  the  desired  control  action.  The  resonance  in  a 
pipe  set  up  by  a  loud  speaker  was  suppressed  by  periodic  mass  addition  using  a  feedback  control 
system.  Finally,  a  combination  of  screens  and  heating  coils  was  used  to  control  oscillations  in  a 
large  combustion  tunnel.  The  methods  of  control  explored  in  this  work  are  independent  of  the 
source  of  instability,  and  hence  have  a  broad  range  of  applications  in  real  systems. 


One  publication  that  has  resulted  from  this  work  is: 


K.R.  Sreenivasan,  B.T.  Chu  &  S.  Raghu  (1987)  The  control  of  pressure  oscillations  in 
combustion  and  fluid  dynamic  systems'.  AIAA  Paper-85-0540,  Presented  at  the  AIAA  meeting 
on  Shear  Row  Control,  Boulder. 


Three  more  publications  that  will  follow  are: 

B.T.  Chu,  K.R.  Sreenivasan  &  S.  Raghu  (1987)  1 
to  appear  in  Progress  in  Aerospace  Sciences. 
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S.  Raghu  &  K.R.  Sreenivasan  (1987)  'Control  of  acoustically  coupled  combustion  and  fluid 
dynamic  instabilities'.  AIAA  Paper  -87-2690  to  be  presented  in  the  11th  Aeroacoustic 
Conference  in  Sunnyvale,  CA,  Oct.  19-21. 

S.  Raghu,  R.P.  Bradley  &  W.M.  Roquemore  (1987)  'Control  of  combustion  oscillations', 
to  be  presented  at  the  NATO  Advanced  Study  Institute  in  a  Conference  on  Instrumentation 
for  Combustion  and  Flow,  September  14-25,  1987,  Portugal. 


13.  Viscous  Drat»  Reduction 

Again,  the  bulk  of  this  work  has  remained  unpublished,  but  a  majority  of  the  work  has  been 
V  summarized  in  the  following  Ph.D.  thesis. 

[  a)  T.  B,  Lynn  (1987):  'Manipulation  of  the  Structure  of  a  Turbulent  Boundary  Laver' 

The  manipulation  of  a  turbulent  boundary  layer  for  the  purpose  of  net  drag  reduction  is  an 
1  attractive  topic  for  research,  because  even  modest  success  will  result  in  large  energy  savings.  The 

'  focus  of  this  work  is  passive  manipulation,  one  of  the  simplest  manipulation  techniques.  The  most 

'  promising  manipulator  to-date  is  the  so-called  BLADE  device,  consisting  of  two  thin  ribbons  or 

!  foils  suspended  in  the  outer  portion  of  the  boundary  layer.  BLADE  devices  were  devised  and 

,  researched  first  at  the  Illinois  Institute  of  Technology  (IIT)  and  NASA  Langely.  When  we  began 

this  research,  there  was  significant  controversy  over  the  magnitude  of  net  drag  reduction  possible 
!  (20%  reported  by  the  IIT  group)  and  the  maximum  skin  friction  reduction  obtainable  (50%  reported 

■  by  the  IIT  group). 

Accurate  local  skin-friction  have  been  made  using  sublayer  fences  in  a  perturbed  boundary 
;  layer.  By  comparing  our  direct  measurements  with  those  obtained  by  indirect  methods,  we  have 

determined  that  the  degree  of  drag  reduction  depends  on  the  method  used  to  calculate  the  combined 
devise  drag  and  skin  friction  drag. 

Using  auto  and  two-point  correlation  measurements  as  well  as  space-time  correlations,  we 
investigated  the  effects  of  BLADE  devices  on  the  turbulent  structures  in  the  boundary  layer, 

!  comparing  them  with  wire  devices  which  are  known  not  to  produce  a  net  reduction  in  drag.  The 

;  sustained  effects  of  the  BLADE  devices  were,  in  all  length  scale  measurements,  stronger  and  longer 

lasting  than  those  of  the  wire  devices.  The  space-time  correlation  revealed  that  the  most  significant 
effect  of  the  BLADE  device  was  on  the  large  structure  (the  dominant  structure  in  the  outer  region  of 
1  the  boundary  layer).  In  contrast,  the  wire  manipulator  had  no  effect  on  the  large  structures.  The 

;  BLADE'S  alteration  of  the  large  structure  was  evident  in  the  marked  difference  in  the  development 

Iof  the  wakes  downstream  of  the  two  devices. 

We  have  also  investigated  inner  layer  devices  consisting  of  sublayer  wires.  The  results  from 
both  the  inner  and  outer  layer  manipulations  suggest  the  effective  alteration  of  a  turbulent  boundary 
layer  depends  on  the  scaling  of  the  device.  The  dominant  turbulent  structure  in  the  region  of  interest 

!  dictates  the  proper  scaling  of  the  device. 

» 

.  b)  In  addition,  a  Master's  degree  work  by  Mr.  Mark  Lee  partly  on  the  effect  of  a  rotating 

;  cylinder  immersed  in  the  turbulent  boundary  layer  should  be  mentioned.  This  work  showed  the 

importance  for  drag  reduction  of  lifting  objects  immersed  in  the  turbulent  boundary  layer.  This  is  a 
matter  of  ongoing  research,  and  will  be  reported  elsewhere. 

\  c)  Some  of  our  work  on  the  so-called  BLADE  manipulators  was  summarized  also  in  an 

j  invited  talk  (with  R.  Narasimha)  at  the  AIAA  Conference  on  Shear  Flow  Control,  Boulder. 

!  The  talk  was  prepared  in  the  form  of  the  following  report: 

I 

R  '  R.  Narasimha  &  K.R.  Sreenivasan  (1987);  'Flat  plate  drag  reduction  bv  turbulence 

E  manipulation'.  Report  Number  86FM4,  Department  of  Aerospace  Engineering,  Indian  Institute  of 

E  Science,  Bangalore. 


In  the  course  of  work  we  did  several  years  ago,  it  became  evident  that  the  zero  normal 
velocity  boundary  condition,  imposed  in  the  interior  of  a  turbulent  flow,  will  have  a  srong  effect  on 
the  flow  evolution.  To  test  these  ideas,  we  set  up  several  experiments  in  grid  turbulence,  but  have 
pursued  them  only  sporadically,  the  reason  being  that  our  resources  were  limited,  and  we  had  to 
make  a  choice  on  priorities. 

For  the  same  reason,  we  have  also  not  written  up  on  our  pipe  flow  work,  related  to  the 
effects  of  initial  conditions  on  the  evolution  of  the  flow. 

However,  two  pieces  of  research  in  this  category  have  been  written  up.  These  are  enclosed, 
and  a  brief  description  is  included  below. 

a)  K.R.  Sreenivasan  (1983):  'Some  studies  in  non-simple  pipe  flows'.  Invited  paper  in 
Trans,  Inst.  Engineers  Australia,  vol.  ME8,  pp.200-208. 

A  variety  of  phenomena  occurs  in  pipe  flows,  especially  if  we  stray  away  from  straight 
circular  pipes  of  uniform  crosssection.  This  paper  illustrates  a  few  of  the  complexities  arising  from 
the  relatively  simple  changes  in  geometry,  namely,  the  sudden  expansion  and  the  coiling  of  the 
circular  pipe.  In  particular,  the  phenomena  examined  are  relaminarization,  large  amplitude 
self-excited  oscillations  in  sudden  expansions,  transition  to  turbulene,  and  retransition  from  the 
relaminarized  state  to  a  turbulent  one. 

\  V 

b)  K.R.  Sreenivasan  (1984):  'On  the  scaling  of  the  turbulence,  energy  dissipation  rate'» . 
Phys.  Fluids,  22,  1048-1051. 

From  an  examination  of  all  data  to-date  on  the  dissipation  of  turbulent  energy  in  grid 
turbulence,  it  was  concluded  that,  for  square-mesh  configuration,  the  ratio  of  the  time  scale 
characteristic  of  dissipation  rate  to  that  characteristic  of  energy-containing  eddies  is  a  constant 
independent  of  Reynolds  number,  for  microscale  Reynolds  numbers  in  excess  of  about  50. 
Insufficient  data  available  for  other  grid  configurations  suggest  a  possibility  that  the  ratio  could 
assume  different  numerical  values  for  different  configurations.  The  persistent  effect  of  initial 
conditions  on  the  time  scale  ratio  is  further  illustrated  by  reference  to  the  jet-grid  data  of  Gad-el-Hak 
and  Corrsin. 


A  part  of  progress  achieved  during  this  period  has  been  of  qualitative  nature,  that  is,  of  the 
type  that  has  helped  us  to  pose  the  right  questions  for  further  inquiry.  In  fact,  some  of  the  work 
now  being  done  by  us,  which  seems  to  hold  more  promise,  has  had  its  roots  in  the  exploratory 
work  done  under  AFOSR  sponsorship  during  the  period  under  consideration.  In  this  sense,  the 
significance  of  the  work  to  be  described  below  lies  beyond  the  specifics.  We  are  happy  to 
acknowledge  this  indebtedness  to  AFOSR. 

It  may  not  be  out  of  place  to  note  that,  as  a  secondary  outcome  of  the  AFOSR  support,  three 
Ph.D.'s  and  two  M.S.'s  were  produced  at  Yale.  One  of  the  Ph.D.'s  (Paul  Strykowski)  has 
accepted  a  professorial  position  at  Brown,  the  second  (Ted  Lynn)  a  post-doctoral  position  at 
DFVLR  in  Berlin,  while  the  third  is  a  post-doctoral  fellow  at  Yale.  One  of  the  two  Master's  degree 
recepients  (Mark  Lee)  is  currently  employed  at  the  Wright  Patterson  Air  Force  Base,  while  the 
second  (David  Kyle)  has  taken  a  break  from  studies  to  pursue  a  different  career. 
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We  briefly  study  turbulence  in  open  flow  systems  in  the 
context  of  concepts  developed  in  studies  of  chaotic  dy¬ 
namical  systems.  Although  several  flows  have  been  ex¬ 
amined,  particular  attention  will  be  focussed  on  the 
question  of  transition  to  turbulence  in  coiled  pipes; 
some  degree  of  correspondence  with  the  Ruelle-Takens- 
Newhouse  route  to  chaos  is  indicated.  Using  the 
Grassberger-Procaccia  algorithm,  the  dimension  of  the 
attractor  for  velocity  signals  during  and  inmediately 
after  transition  to  turbulence  has  been  computed.  Our 
results,  such  as  they  are,  indicate  that  the  dimension 
is  relatively  low.  Brief  comments  will  be  made  on  the 
difficulties  of  computing  the  dimension,  as  well  as  on 
the  relevance  of  strange-attractor  theory  to  fully- 
developed  turbulence. 


INTRODUCTION 

Recent  studies  of  the  dynamics  of  nonlinear  sy8tema  with  finite  (and  small)  num¬ 
ber  of  degrees  of  freedom  have  produced  profound  results  with  probable  implica¬ 
tions  to  the  very  notion  of  chaos  —  for  example,  in  kinetic  theory  of  gases  in 
the  context  of  the  Boltzmann  equation  —  but  the  interest  of  fluid  dynamicists  in 
these  studies  stems  primarily  from  the  notion  of  generlclty,  that  is,  the  expec¬ 
tation  that  the  qualitative  properties  of  the  Navler-Stokes  equations  are  shared 
also  by  these  simpler  systems.  A  related  important  (and,  to  our  knowledge,  as 
yet  untested)  expectation  is  that  turbulence,  at  least  not  too  far  away  from 
transition,  behaves  like  a  strange-attractor.  Without  going  into  details,  we  may 
restate  the  above  supposition  to  mean  that  turbulence  has  a  manageably  small  num¬ 
ber  of  'dynamically  significant'  degrees  of  freedom,  despite  the  overwhelming 
complexity  it  displays,  or  that  one  may  be  able  to  extract  a  finite-dimensional 
projection  out  of  an  infinite-dimensional  phase  space. 

As  we  know  today,  three  distinct  'scenarios'  of  chaos  have  been  indentlfled;  more 
will  no  doubt  be  discovered.  In  the  first  scenario,  chaos  sets  in  abruptly  fol¬ 
lowing  very  few  (most  probably,  three)  Hopf  bifurcations  [1,2].  In  the  second, 
che  onset  of  chaos  occurs  via  an  infinite  cascade  of  period  doubling  [3,4,5]  with 
certain  well-defined  universal  characteristics.  The  chird,  less-studied,  route 
envisages  chaos  through  gradual  merging  of  decreaslngly  intermittent  chaotic 
regions  [ 6] .  Obviously,  these  scenarios  of  chaos  have  at  least  qualitative  re- 
semblence  to  transition  to  turbulence  in  one  or  the  other  of  the  fluid  flows;  con¬ 
siderable  work  ( 7-10]  in  the  last  few  years  has  shown  chat  the  correspondence  is 
more  than  superficial  in  highly  constrained  'closed  flow  systems',  chat  is,  fluid 
flows  which  are  totally  confined  within  a  closed  boundary  (for  example,  che  nar¬ 
row-gap  Taylor-Couetce  flow,  or  convection  in  a  finite  box  of  small  dimension). 
Although  it  appears  certain  that  many  aspects  of  transition,  even  in  confined 
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fractal  dimension  D,  an  adaptation  of  the  Hausdorff  dimension.  (The  fractal  di¬ 
mension  may  be  viewed  as  a  measure  of  the  information  necessary  to  specify  the 
location  of  a  fractal  set.  For  classical  cases  with  self-similarity ,  it  coin¬ 
cides  with  the  usual  notion  of  dimension.)  Calculating  D  using  box-counting  al¬ 
gorithms  is  not  practical  if  D  >  2  (see  [13]),  as  is  surely  the  case  for  turbu¬ 
lence  (see  below) .  Another  dimension  v,  related  to  the  fractal  dimension 
D(v  £  D),  as  well  as  the  information-theoretic  entropy,  has  been  proposed  [14]. 

If  v  is  the  n-dimensional  vector  in  time  domain, one  computes  first  the  quantity 
C(r)  given  by 


-  E  H(r  -  |v  -v  ;  i, 
N2  1,3-1  'l  ~J 


Cl) 


where  v^  *  y(it'),  I*  being  the  sampling  interval,  and  H  is  the  Heaviside  step 
function.  For  r  not  too  large,  it  can  be  shown  that  C(r)  ^  r'J.  Grassberger  & 
Procaccia  (  14]  have  shown  that  v  *  D  for  several  chaotic  attractors  commonly  dis¬ 
cussed  in  the  literature  on  dynamical  systems,  and  have  argued  that,  where  it  is 
smaller  than  D,  v  is  in  fact  the  more  appropriate  quantity  to  consider.  We  shall 
not  discuss  this  further  but  only  note  that  D  is  a  quantity  related  to  geometry, 
while  v  has  a  probablistic  content  in  it.  In  our  computations  of  v,  we  used  real¬ 
time  data  of  the  axial  velocity  component  to  construct  a  multidimensional  vector 
using  the  delay  coordinates  (u„,  u  ,  u  ,._,x  )  with  increasing  values  of 

d,  and  evaluated  v  as  indicated  above;  T  is  an  integral  multiple  of  T*.  Initial¬ 
ly,  v  increases  with  d  but  settles  down  eventually.  It  is  this  asymptotic  value 


log2  r 

Figure  2.  The  quantity  log2  C(r)  vs  log2  r,  r  in  arbitrary  units.  Re  »  6625. 
Differ  nt  curves  correspond  to  different  d.  From  left  to  right,  d  »  1,  *  ,A. 
15,  20,  25,  30,  20,  50  and  70. 
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of  v  chat  is  of  inceresc  to  us.  If  v  is  relatively  small,  Che  concept  of  strange 
atcractors  may  be  very  useful  in  turbulence;  otherwise,  it  is  hard  to  assess  its 
significance . 

As  a  check  on  our  computational  procedure,  we  may  note  that  V  was  found  to  be  1 
for  a  sine  wave  and  0.63  for  a  Cantor  set,  as  expected.  Since  a  purely  random 
signal,  such  as  the  output  of  a  white-noise  generator,  has  a  space-filling  attrac¬ 
tor,  v  *  d  for  all  d . 

Figure  2  shows  several  curves  of  log  C(r)  vs  log  r,  computed  with  increasing  val¬ 
ues  of  d,  from  the  velocity  data  for  Re  »  6625  just  after  the  onset  of  the  broad¬ 
band  spectral  behavior.  Typically,  these  curves  have  a  linear  region;  the  level¬ 
ling  off  of  the  curves  for  large  r  is  the  result  of  the  finiteness  of  the  attrac¬ 
tor,  while  deviation  from  linearity  towards  the  very  low  end  of  the  curves  arises 
from  resolution  problems.  The  slope  of  the  linear  region  increases  with  d  ini¬ 
tially  but  appears  to  settle  down  to  a  constant  beyond  a  certain  d.  This  can  be 
seen  more  directly  from  figure  3.  The  asymptotic  value  of  v  is  around  6. 


Figure  3:  The  slope  v  of  che 
straighc  regions  of  curves  in 
figure  2,  vs  the  dimension  of 
the  phase  apace,  d.  The  asymp¬ 
totic  value  is  around  6. 
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The  data  presented  in  figures  2  and  3  are  typical  of  our  computations, which  extend 
to  Reynolds  numbers  on  either  side  of  6625.  However,  they  are  not  sufficiently 
systematic  at  this  point  to  be  included  here  as  conclusive  results.  This  is  so 
chiefly  because  we  have  not  yet  made  the  various  sensitivity  tests  on  v.  First, 
before  the  signal  is  digitized,  some  low-pass  filtering  is  necessary;  we  have  not 
investigated  the  effect  of  varying  this  cut-off  on  v.  We  have  also  not  investi¬ 
gated  very  thoroughly  the  effect  of  varying  x  on  v.  Typically,  however,  this  lat¬ 
ter  effect  is  not  significant  over  a  fairly  wide  range  of  r.  With  these  reserv¬ 
ations  noted,  we  may  mention  that,  for  Re  <  6625,  the  value  of  v  is  less  than  6, 
while  being  a  rather  strongly  increasing  function  of  Re  at  higher  Re;  in  fact,  at 
the  highest  Reynolds  number  of  our  computations,  we  have  not  yet  seen  v  settle 
down  even  for  d  aa  large  as  100.  (Our  Initial  results  presented  at  the  meeting  in 
Kyoto  were  necessarily  at  lower  Reynolds  numbers  than  6625.) 

DISCUSSION  AND  CONCLUSIONS 

The  results  of  the  previous  two  sections  represent  only  a  small  part  of  a  largely 
unyielding  investigation.  In  relation  to  transition  and  the  scenarios  of  chaos, 
our  experience  is  that  none  of  the  above-mentioned  routes  to  chaos  occurs  during 
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transition  to  turbulence  in  open  systems  like  ‘ets  or  wakes.  While  it  is  of  course 
possible  that  more  than  one  of  the  above  scenarios  operate  simultaneously,  it  looks 
certain  that  turbulence,  unless  constrained  severely,  does  not  behave  like  a  simple 
dynamical  system.  On  the  other  hand,  we  would  like  to  make  a  specific  mention  of 
the  fact  that  our  initial  experience  with  coiled  pipes  was  disappointing  too;  it 
was  only  after  some  modifications  of  the  flow  were  made,  primarily  in  the  form  of 
a  smoother  inlet  to  the  upstream  straight  section,  that  we  could  observe  the  evol¬ 
ution  discussed  earlier.  Can  we  then  make  the  sweeping  generalization  that,  by 
making  'appropriate'  changes  to  the  flow,  perhaps  by  way  of  restricting  Initial 
conditions  to  a  suitable  (but  unknown)  'basin  of  attraction',  we  can  nudge  trans¬ 
ition  to  follow  some  well-defined  scenario  of  chaos? 

What  specifically  has  our  work  shown  in  relation  to  fully  developed,  or,  at  least, 
'nascent'  turbulence?  While  much  work  needs  to  be  done,  it  suggests  that,  at  least 
at  Reynolds  numbers  not  too  far  above  the  transition  value,  the  attractor  for  tur¬ 
bulent  signals  is  relatively  low-dimensional.  It  may  thus  justify  attempts  at 
extracting  for  the  Navier-Stokes  equations  a  finite-dimensional  projection  out  of 
the  seemingly  infinite-dimensional  phase  space.  We  should,  however,  note  that  the 
dynamical  systems  approach  will  at  best  represent  a  small  part  of  the  total  pict¬ 
ure  in  turbulence  unless  the  spatial  chaos  and  order,  as  well  as  the  relation 
between  these  latter  characteristics  and  temporal  behavior,  are  discussed. 
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Recent  studies  of  the  dynamics  of  low-dimensional  nonlinear  systems  with  chaotic 
solutions  have  produced  very  interesting  and  profound  results  with  several  implica¬ 
tions  in  many  disciplines  dealing  with  nonlinear  equations.  However,  the  interest  of 
fluid  dynamicists  in  these  studies  stems  primarily  from  the  expectation  that  they 
will  help  us  understand  better  che  onset  as  well  as  dynamics  of  turbulence  in  fluid 
flows.  At  this  time,  much  of  this  expectation  remains  untested,  especially  in  'open' 
or  unconflned  fluid  flows.  This  work  is  aimed  at  filling  some  of  this  gap. 

Measurements  made  in  the  wake  of  a  circular  cylinder,  chiefly  in  the  Reynolds 
number  range  of  about  lO-lO1",  have  been  analyzed  to  show  aspects  of  similarity  with 
low-dimensional  chaotic  dynamical  systems.  In  particular,  it  is  shown  that  the  ini¬ 
tial  stages  of  transition  to  turbulence  are  characterized  by  narrow  windows  of  chaos 
Interspersed  between  regions  of  order.  The  route  to  the  first  appearance  of  chaos 
is  much  like  that  envisaged  by  Ruelle  4  Takens;  with  further  increase  in  Reynolds 
number,  chaos  disappears  and  a  return  to  three-frequency  quaslperiodlclty  occurs. 

This  is  followed  in  turn  by  the  reappearance  of  chaos,  a  return  to  four-frequency 
quaslperiodlclty,  reappearance  of  chaos  yet  again,  and  so  on.  Ue  have  observed  sev¬ 
eral  alternations  between  order  and  chaos  below  a  Reynolds  number  of  about  200,  and 
suspect  that  many  more  exist  even  in  the  higher  Reynolds  number  region.  Each  window 
of  chaos  is  associated  with  a  near-discontinuity  in  the  vortex  shedding  frequency 
and  the  rotation  number,  as  well  as  a  dip  in  the  amplitude  of  the  vortex  shedding 
mode.  It  is  further  shown  that  the  dimension  of  the  attractor  constructed  using  time 
delays  from  the  measured  velocity  signals  is  truly  representative  of  the  number  of 
degrees  of  freedom  in  the  ordered  states  interspersed  between  wlndovs  of  chaos;  it  is 
fractional  within  the  windows  of  chaos,  and  is  higher  than  those  in  the  neighbouring 
regions  of  order.  Our  measurements  suggest  that  the  dimension  is  no  sure  than  about 
20  even  at  a  moderately  high  Reynolds  number  of  10",  and  chat  it  probably  settles 
down  at  about  that  value. 

1.  Introduction 

a.  General  remarks 

The  principal  parameter  of  incompressible  viscous  flows,  in  situations  free  of 
body  forces,  is  the  Reynolds  number.  Re.  Observations  show  that  for  given  (fixed  or 
time-independent)  boundary  conditions  (and  external  forces  if  applicable),  the  Mow 
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is  unique  and  steady  for  Re  <  Recr,  where  Re  r  is  a  certain  critical  value  of  Re; 
this  is  the  steady  laminar  motion.  As  Re  increases,  the  fluid  motion  may  first  be¬ 
come  periodic,  quasiperiodlc ,  and  'eventually'  chaotic.  (Chaos  is  defined  better  in 
section  3  and  in  the  appendix,  but  we  shall  also  loosely  use  the  word  to  designate 
a  state  in  which  the  details  of  motion  are  not  reproducible.)  This  chaotic  state  is 
not  necessarily  turbulence  as  generally  understood  —  and  we  shall  discuss  this  short¬ 
ly  —  but  it  is  believed  that  one  attains  the  turbulent  state  if  the  Reynolds  number 
is  taken  to  a  sufficiently  high  value.  The  goal  of  the  stability  theory  is  to  under¬ 
stand  how  the  evolution  from  the  laminar  to  the  turbulent  state  occurs,  while  tur¬ 
bulence  theories  aim  at  unearthing  and  predicting  the  mysteries  of  the  (fully)  tur¬ 
bulent  state  itself. 

It  is  generally  believed  that  the  key  to  both  these  problems  lies  in  the  Navier- 
Stokes  (NS)  equations,  and  that  no  additional  hypotheses  of  fundamental  nature  are 
required  for  describing  either  the  onset  of  turbulence  or  its  dynamics.  Much  effort 
has  thus  been  spent  on  mastering  the  NS  equations.  However,  the  difficulties,  both 
analytical  and  computational  (at  high  enough  Reynolds  numbers),  remain  intimidating. 

In  the  recent  past,  claims  have  been  made  that  autonomous  dynamical  systems 
with  small  number  of  degrees  of  freedom,  typified  by 

db 

dT  “  f(V  et)’  (1‘1) 

where  the  bi  characterize  the  state  of  the  system  (the  so-called  'state  variables'), 
i  is  a  small  integer,  and  are  the  so-called  control  parameters  (analogous  to  Re 
in  the  NS  equations),  help  us  towards  attaining  both  the  goals  mentioned  above.  It 
is  to  a  discussion  of  aspects  of  these  claims,  via  an  example  of  fluid  flow  behind 
circular  cylinders,  that  this  paper  is  devoted. 

b.  Remarks  on  degrees  of  freedom,  genericity,  and  spatial  chaos 
Several  questions  arise  immediately.  One  natural  question  concerns  the  rele¬ 
vance  to  fluid  flows  of  low-dimensional  dynamical  systems.  To  give  some  meaning  to 
the  concept  of  degrees  of  freedom  in  fluid  flows,  let  us  approximate  the  velocity 
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where  the  wave  number  vector  k  is  an  element  of  a  discrete  (finite  or  infinite)  set. 
The  NS  equations  can  then  be  written  formally  as 
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Re_r>  only  a  few  degrees  of  freedom  are  excited,  and  hence  It  appears  that,  at  least 
in  the  positive  neighbourhood  of  Recr  (to  be  called  transcrltical  region  henceforth), 
consideration  of  these  few  degrees  of  freedom  is  adequate. 

An  interesting  hypothesis  (which  we  shall  examine  in  this  paper)  is  that  the 
number  of  degrees  of  freedom  (not  necessarily  in  the  sense  described  above)  remains 
small  even  in  (certain  type  of)  high  Reynolds  number  turbulence. 

Assuming  that  the  number  of  degrees  of  freedom  excited  in  the  transcritical  re¬ 
gion  is  Indeed  small,  we  must  ask  whether  the  behavior  in  this  transcritical  region 
does  not  depend  on  the  broad  nature  of  the  right  hand  side  of  equations  (1.1)  and 
(1.3).  The  most  often  cited  justification  for  the  belief  that  this  dependence  is  in 
some  sense  of  secondary  importance  comes  from  the  work  of  Ruelle  &  Takens  [1]  and 
Newhouse,  Ruelle  &  Takens  [2]  which  indicates  that  chaos  sets  in  abruptly  following 
a  few  Hopf  bifurcations,  and  that  this  behavior  is  'generic'  or  'typical'. 

The  words  'generic'  and  'genericity'  find  their  frequent  use  in  the  literature 
on  dynamical  systems,  and  so,  it  is  perhaps  useful  to  discuss  the  concept  briefly. 
Ruelle  &  Takens  mane  this  concept  quite  specific  for  the  vector  fields  they  were 
considering,  but  we  shall  be  content  with  a  rather  loose  qualitative  description. 
Consider  as  an  exurrple ,  a  class  of  functions  possessing  continuous  derivatives  up  to 
a  certain  order,  and  satisfying  differential  equations  of  the  type  (1.1).  Proper¬ 
ties  of  this  class  of  functions  which  are  the  rule  and  not  the  exception,  and  which 
do  not  depend  on  the  precise  nature  of  the  right  hand  side  of  (1.1),  are  called  ge¬ 
neric.  The  conclusions  of  Ruelle  &  Takens  strictly  hold  for  an  idealized  mathemat¬ 
ical  system,  and  whether  the  concept  of  genericity  is  powerful  enough  to  embrace  fluid 
systems  is  not  clear.  One  should  attempt  to  answer  this  question  by  looking  at  the 
specific  form  of  F  in  (1.3)  and/or  by  observing  the  actual  bifurcations  in  experi¬ 
ments  on  laminar-turbulent  transition. 

Even  if  the  concept  of  genericity  does  hold  for  fluid  flows,  it  is  not  obvious 
chat  interesting  nongeneric  phenomena  do  not  occur.  To  make  this  notion  specific, 
let  us  consider  the  following  rather  far-fetched  example.  Suppose  we  link  (as  in  our 
example  above)  genericity  to  the  existence  of  velocicy  fields  possessing  continuous 
derivatives  of  a  certain  order.  Those  generic  properties  may  be  irrelevant  to  a  turb¬ 
ulent  boundary  layer  since  one  cannot  exclude  the  possibility  that  at  some  moment 
during  bursting  near  the  wall  (a  key  event  sustaining  turbulence  production)  this 
smoothness  condition  is  destroyed  in  spite  of  viscosity.  It  is  therefore  sensible  to 
keep  in  mind  that  nongeneric  behavior  is  neither  uninteresting  nor  unlikely,  espe¬ 
cially  when  conditions  such  as  configurational  symmetry,  vicinity  to  wall,  play  an 
Important  role  in  Che  evolution  of  the  flow. 

Finally,  one  must  mention  the  predominant  role  played  by  spatial  chaos  (and 
order!)  in  turbulent  flows  of  fluids.  An  important  characteristic  of  fluid  turbu¬ 
lence  is  random  vortlclty,  whose  presence  necessarily  implies  chat  the  velocity  vec¬ 
tor  is  a  random  function  of  position.  Autonomous  dynamical  systems  of  the  type  (1.1), 
on  the  other  hand,  do  not  contain  any  space  Information.  While  temporal  chaos  in 
fluid  turbulence  may  in  some  sense  be  symptomatic  of  spatial  chaos,  it  is  clear  that 
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autonomous  dynamical  systems  have  little  to  say  directly  about  the  latter,  at  least 
at  the  current  state  of  development. 


c.  'Closed'  and  'open'  flow  systems 

Notwithstanding  these  remarks,  it  is  necessary  to  note  that  several  beautiful 
experiments  now  exist  in  the  Taylor-Couette  flow  (e.g.,  Refs.  3,  4  and  5)  and  the 
convection  box  (e.g.,  Refs.  5  and  7)  which  have  lent  support  to  the  notion  that  the 
behavior  of  fluid  flows  in  the  transcritical  region  could  be  similar  to  that  of  low- 
dimensional  dynamical  systems.  This  in  itself  is  undoubtedly  remarkable,  but  it  should 
be  remembered  that  these  two  flows  are  special  in  the  following  sense.  In  all  'closed 
flow'  systems  —  of  which  the  convection  box  and  the  Taylor-Couette  flow  are  two  pop¬ 
ular  examples  —  the  boundary  is  fixed  so  that  only  certain  class  of  eigenfunctions 
can  be  selected  by  the  system;  this  does  not  hold  for  another  class  of  flows  we  mav 
call  'open  flow  systems'  —  for  example,  boundary  layers,  wakes,  jets  —  in  which  the 
flow  boundaries  are  continuously  changing  with  position.  Thus,  while  in  closed  flow 
systems  each  value  of  the  control  parameter  (for  example,  the  rotation  speed  of  the 
inner  cylinder  in  the  Taylor-Couette  problem)  characterizes  a  given  state  of  the  flow 
globally,  this  is  not  true  of  open  systems.  Consider  as  an  example  the  near  field  of 
a  circular  jet.  For  a  given  set  of  experimental  conditions,  the  flow  can  be  laminar 
at  one  location,  transitional  at  another  and  turbulent  at  yet  another  (downstream) 
location.  This  usually  sets  up  a  strong  coupling  between  different  phenomena  in  dif¬ 
ferent  spatial  positions  in  a  way  that  is  peculiar  to  the  particular  flow  in  question. 
Secondly,  the  nature  and  Influence  of  external  disturbances  (or  the  'noise',  or  the 
'background  or  freestream  turbulence')  is  more  delicate  and  difficult  to  ascertain 
in  open  flows:  the  noise,  which  is  partly  a  remnant  of  complex  flow  manipulation  de¬ 
vices  and  partly  of  the  'long  range'  pressure  perturbations,  is  not  'structureless' 
or  'white',  no  matter  how  well  controlled.  Finally,  it  is  well  known  that  closed  flow 
systems  can  be  driven  to  different  states  by  means  of  different  start-up  processes; 
for  example,  different  number  of  Taylor  vortices  can  be  observed  in  a  Taylor-Couette 
apparatus  depending  on  different  start-up  accelerations  [81.  This  type  of  path-sen¬ 
sitivity  in  a  temporal  sense  does  not  apply  to  open  systems,  where  the  overriding 
factor  is  the  path-sensitivity  in  a  spatial  sense  (l.e.,  the  'upstream  influence'). 

d.  Scope  of  the  paper 

On  balance,  all  these  considerations  suggested  to  us  that  it  is  desirable  to 
look  at  some  open  flows  to  determine  the  extent  to  which  dynamical  systems  can  assist 
us  In  our  goals  of  understanding  transition  and  turbulence  in  fluid  flows.  This  is 
che  motivation  for  the  work  described  in  this  paper,  which  is  to  be  viewed  more  as  a 
progress  report  than  as  a  complete  account;  obviously  much  more  remains  to  be  done. 
Our  approach  is  to  select  well-known  flows  and  follow  che  bifurcations  as  closely  as 
possible.  (We  reported  some  of  our  earlier  work  in  pipe  flows  in  [9]  and  wake  work 
in  (10].)  Surprisingly,  while  much  work  has  been  done  in  these  flows  in  the  past,  an 
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amazing  amount  of  new  information  can  still  be  acquired  that  will  facilitate  clari¬ 
fying  the  relation  between  low-dimensional  chaotic  systems  and  fluid  flow  transition 
and  turbulence.  Part  of  the  reason  for  this  is  undoubtedly  that  the  details  one 
looks  for  are  often  dictated  by  contemporary  concerns. 


2.  Experiments 


a.  Experimental  conditions 

Although  we  have  conducted  experiments  in  wakes,  jets  and  pipe  flows,  we  choose 
to  discuss  here  only  our  wind  tunnel  experiments  in  two-dimensional  wakes  behind  cir¬ 
cular  cylinders.  The  Reynolds  number  range  covered  is  from  about  10  (slightly  below 
the  vortex  shedding  value)  to  about  10" .  Two  wind  tunnels  —  one  of  the  blower  type 
and  one  of  the  suction  type  -  were  used.  Nylon  threads,  stainless  steel  wires  and 
aluminium  tubes,  stretched  tightly  across  the  width  of  the  wind  tunnels,  were  used 
as  wake  generators.  The  aspect  ratio  varied  between  about  70  and  2000.  The  basic 
experimental  conditions  are  summarized  in  Table  1. 

Table  1.  The  flow  configuration  and  experimental  conditions 
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d 

=  %/d 

=  y/d 

aspect  ratio  wind  tunnel  characteristic* 

(mo) 

0.24 

5 

1 

2000 

0.24 

50 

1 

2000 

•uetton  type;  turbulence 

0.36 

5 

1 

1330 

level  %  0.21  at  speed* 

|  of  interest 

4.0 

5 

1 

170 

0.36 

11 

1 

70 

blower  type;  turbulence 
level  varied  f roa  0.681 

at  speeds  ~  1  a/a  to 

0.06*  at  sneeda  »  10  m/a 

All  velocity  signals  were  obtained  with  a  hot-wire  operated  on  a  DISA  55M01  con¬ 
stant  temperature  anemometer.  The  speed  of  the  tunnel  was  monitored  with  a  Pitot 
tube  connected  to  a  calibrated  MKS  Baratron  with  adequate  resolution  (  and  an  aver¬ 
ager)  .  The  hot-wire  and  the  Pitot  tube  were  mounted  on  a  specially  designed  slla 
holder. 

Some  of  the  data  to  be  presented  in  this  and  later  sections  is  in  the  form  of 
power  spectral  density  of  the  streamwlse  velocity  component,  u.  Nearly  all  the  sig¬ 
nals  were  digitized  at  sufficiently  high  frequency  (60  kHz  or  more)  to  ensure  that, 
whenever  the  signal  was  periodic,  at  least  30  digitized  points  were  contained  in  one 


period  of  Che  basic  frequency  (so  that  it  was  a  good  representation  of  the  analog 
signal).  Further,  the  entire  length  of  the  signal  (which  contained  at  least  100  cy¬ 
cles  of  the  basic  frequency)  was  Fourier  transformed  at  once  using  the  Cooley-Tukey 
FFT  algorithm.  The  overriding  criterion  was  that  the  spectral  resolution  should  be 
as  good  as  possible  (here,  between  0.5  Hz  and  2  Hz  compared  with  shedding  frequen¬ 
cies  of  the  order  of  2000  Hz  or  more)  and  that  one  must  not  miss  any  low  frequency 


modulations . 


b.  The  background  turbulence 

We  have  worked  with  varying  levels  of  background  turbulence,  and  found  that  the 
occurrence  of  different  stages  of  transition  reported  here  is  in  itself  not  terribly 
sensitive  to  the  turbulence  level  as  long  as  it  is  not  too  high;  larger  turbulence 
levels  blur  the  distinction  between  different  stages  and  alter  the  details  somewhat 
erratically.  One  should,  however,  strive  to  eliminate  all  strong  discrete  frequency 
components  in  the  background  turbulence  structure. 


Figure  la  shows  a  typical  power  SDectral  density  of  u  in  the  freestream  at  Re 
60.  (The  ordinate  is  the  logarithm  to  base  10  of  the  power.)  The  ’noise'  (though 
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devoid  of  any  discrete  peaks)  does  not  appear  to  be  'white'  but  has  a  much  larger 
low  frequency  component.  Figure  lb  shows  the  power  spectral  density  measured  with 
the  flow  completely  shut  off,  but  the  hot-wire  and  other  electronic  instruments  op¬ 
erating  the  same  way  as  before.  It  is  clear  that  the  anomalously  high  low  frequency 
content  is  not  representative  of  the  flow  itself,  but  of  electronic  and  computer 
noise.  Allowance  should  thus  be  made  ‘or  this  fact  in  the  interpretation  of  the 
spectral  data  to  follow. 

3.  Results  from  Spectral  Measurements 


a.  Route  to  chaos:  the  first  appearance 


Figure  2  shows  the  logarithm  (to  base  10)  of  the  normalized  power  spectral  den¬ 
sity  of  u  at  a  Reynolds  number  (based  on  the  freestream  velocity  and  the  diameter 
of  the  cylinder)  of  about  36,  which  is  approximately  the  onset  value  for  vortex  shed¬ 
ding.  Notice  that  the  instrumentation  and  other  noise  level  is  around  1Q“8,  while 


the  peak  of  the  spectrum  (marked  corresponding  to  the  basic  vortex  shedding  fre¬ 

quency  behind  the  cylinder,  is  at  round  10  0 ' ' ,  about  7%  orders  of  magnitude  higher 


than  the  noise  leveL!  The  sharpness  of  the  peak  (as  well  as  of  the  other  peaks  to 
the  right  of  which  are  the  harmonics  of  f^)  is  excellent. 
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FIGURI  2:  Normalized  frequency  spectrum  of 
u  at  Re  36.  Note  that  the  power  P  is 
plotted  on  a  logarithmic  scale  (to  base  10) 
The  peak  at  f j  «  590  Hz  corresponds  to  the 
vortex  shedding,  and  the  subsequent  strong 
peaks  above  the  noise  level  are  simply  har¬ 
monics  of  f  j  . 


At  a  somewhat  higher  Reynolds  number  of  54,  there  appear  a  number  of  peak9  in 
the  spectrum  (figure  3a);  as  shown  in  the  expanded  version  (figure  3b)  all  the  peaks 
can  be  Identified  precisely  in  terms  of  the  interaction  of  the  two  frequencies  -  the 
basic  vortex  shedding  frequency  and  another  incommensurate  frequency  f^. 

At  an  Re  ■  66  the  spectrum  (figure  4)  shows  broadened  peaks  with  no  overwhelm¬ 
ingly  strong  discrete  components  -  quite  a  different  situation  from  that  of  figures 
2  and  3.  One  might  say,  in  the  language  of  dynamical  systems,  that  chaos  has  set  in! 

The  sequence  of  events  leading  to  chaos  are  so  far  literally  like  that  envisaged 
in  the  Ruelle-Takens-Newhouse  (RTN)  picture  of  transition  to  chaos,  and  so,  a  brief 
digression  roughly  describing  this  picture  is  quite  useful.  (The  appendix  Is  an  in¬ 
troduction  to  the  basic  terminology.)  With  increasing  Re,  the  steady  laminar  motion 
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FIGURE  3:  (a)  Normalized  frequency  spectrum  of  u  at  Re  «  54.  In  (b) ,  tiie  frequency 

range  0-2200  Hz  Is  expanded.  All  significant  peaks  in  (b)  are  simple  combinations  of 
the  vortex  shedding  frequency  f^  (corresponding  to  the  most  dominating  peak),  and  an¬ 
other  incommensurate  frequency  f^.  After  satisfying  ourselves  that  there  are  no  sub- 
harmonics  of  f^  (and  that  119.02  Hz  Is  unrelated  to  the  line  frequency  or  spurious 
oscillations  of  the  cylinder)  we  have  picked  f ^  by  hypothesizing  that  the  peaks  near¬ 
est  f^  must  be  f^  i  f.,.  The  value  of  f^  thus  obtained  accounts  for  every  other  sig¬ 
nificant  peak  as  shown  in  (b)  —  actually  to  4  or  5  decimal  places  for  reasons  we  do 
not  understand!  At  least  part  of  the  reason  for  the  relatively  low  noise  level  (com¬ 
pared  with  figure  2)  is  the  Increased  signal  level. 

loses  stability  and  becomes  periodic  with  frequency  f^  (say);  the  power  spectral  den¬ 
sity  will  have  (aa  in  figure  2)  a  peak  at  f^  (and  its  harmonics),  and  the  phase  dia¬ 
gram  will  show  a  limit  cycle  behavior.  Loss  of  stablility  of  this  new  state  yielda 
a  quasiperiodic  motion  with  two  independent  frequencies,  f^  and  (say)  f^.  The  spec¬ 
tral  density  will  now  ahow  f^,  f^  and  various  combinations  mf^  i  nf£  (as  in  figures 
3a,  b),  and  the  phase  portrait  will  be  a  two-torus.  Further  increase  in  Reynolds 
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number  yields  a  quaslperlodlc  motion  with  three  frequencies  (three-torus  ).  New- 
house,  Reulle  6  Takens  [2]  argue  that  even  a  weak  nonlinear  coupling  (of  a  certain 
variety!)  among  the  three  frequencies  is  likely  to  result  in  chaos  or  a  strange  at¬ 
tractor  (see  appendix),  one  of  whose  symptoms  is  an  Increased  broadband  content  (see 
figure  4).  This  contrasts  the  classical  picture  of  Landau,  according  to  which  turbu¬ 
lence  is  the  asymptotic  state  of  increasingly  higher  order  quasiperiodicities. 

Phase  diagrams  provide  complementary  information  on  the  sequence  of  events  lead¬ 
ing  to  chaos.  To  construct  phase  diagrams,  it  would  seem  that  one  would  require  the 
measurement  of  N  independent  variables  (in  general,  a  hopeless  task!),  but  embedding 
theorems  like  those  of  Takens  [11]  justify  the  use  of  a  single  measured  variable. 

From  the  measured  local  velocity  u(t)  —  for  example  —  one  constructs  a  d-dlmensional 

diagram  from  the  vectors  (u(t^),  u(t^  +  x) . u(t^  +  (d-l)x)},  i  *  1,  T 

being  a  time  delay  whose  precise  value  in  a  certain  wide  range  seems  to  be  immaterial. 
According  to  the  embedding  theorems,  the  phase  diagrams  constructed  In  the  above  man¬ 
ner  will  have  essentially  the  same  properties  as  the  one  with  N  independent  variables, 
as  long  as  d  >  2N  +  1  (although  exceptions  to  this  now  commonly  assumed  philosophy 

are  not  hard  to  concoct).  In  practice,  d  is  increased  by  one  at  a  time  until  the 

* 

properties  of  Interest  become  independent  of  d. 


FICURX  4:  The  first  appearance  of  chaos 
at  Re  -  66.  The  broadband  nature  implies 
chaos;  onset  of  chaos  does  not  rule  out 
the  existence  of  spectral  peaks.  (Note: 
This  does  not  signify  some  high  order 
quasiperiodicity  as  dimension  and  entrop; 
calculations  of  section  4  show.; 


!l 


Figures  5,  6  and  7  show  respectively  the  plot  of  u(t^+  T)  v»  u(t^)  at  Re  •  36, 

54  and  66,  and  can  be  considered  as  projections  of  the  phase  diagrams  on  a  two-dimen¬ 
sional  plane.  The  limit  cycle  behavior  at  Re  •  36  is  evident,  the  scatter  visible 
in  the  figure  being  partly  due  to  experimental  noise  (see  figure  2)  and  partly  due 
tothe  Jitter  in  the  signal.  Further,  a  Poincare  aection  reveals  no  discernible 
structure.  The  situation  is  thus  basically  periodic. 


*  About  two  years  ago  (October  1982)  when  we  first  started  constructing  phase  dia¬ 
grams  in  this  manner,  we  were  unaware  of  any  literature  on  embedding  theorems, 
but  were  guided  solely  by  elementary  ad-hoc  considerations. 
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FIGURE  5:  The  phase  plot  from  the 
velocity  signal  u  at  Re  w  36,  show¬ 
ing  limit  cycle  behavior.  The  time 
delay  t  -  10  sampling  intervals; 
the  starting  point  tj  is  arbitrary. 


-o  oo 1 - -  ‘  ■  .  .  ,  —  I 

-0.0ft  -0.0ft  *0  0*  -0.0?  0  0.02  0.0*  0.06 


— 

-  (a) 

— 

u 

).  1  -0.0#  -0. 

,.f;  ' .  '■ 

- t  •  - 


u(tf) 


-o.oo* 1 - 1 - 1 - 1 - 1 - ' 

-0  OJ  -O.Ot  -O.OI  O  0.01  0.01  0.01  0  0<  0.01 


FIGURE  6;  (a)  The  phase  plot  from  u  at  Re  «  54.  t  -  10  sampling  intervals,  (b) 
Poincare  section  for  the  phase  plot  of  (a).  This  is  simply  a  plot  of  u(t.+f)  vs 
uitj)  with  t  spaced  exactly  l/f,  apart.  » 
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FIGURE  7:  The  phase  diagram  for  Re  * 
66.  t  -  10  sampling  intervals.  The  con¬ 
tinuous  curve  is  now  the  result  of 
joining  successive  data  points  (done 
for  clarity). 


At  Re  3  34,  although  the  projection  of  the  phase  diagram  is  complicated  in  ap¬ 
pearance*!  f  igure  6a),  a  Poincare  section  (figure  6b)  yields  a  limit  cycle,  reinfor¬ 
cing  che  fact  that  only  two  degrees  of  freedom  are  present.  On  the  other  hand,  not 
only  is  the  projection  of  the  phase  diagram  at  Re  *  66  complex  (figure  7),  but  also 
its  Poincare  sections  (not  shown),  no  matter  how  defined.  This,  as  well  as  the  frac¬ 
tional  dimension  of  the  attractor  (see  section  4a)  show  that  the  signal  is  indeed 


(As  equally  valuable  measures  of  chaos,  one  could  evaluate  the  Lyapunov  exponent 
(characterising  the  exponential  divergence  of  nearby  trajectories)  or  the  Kolmogorov 
entropy  (which,  for  typical  systems,  equals  the  sum  of  positive  Lyapunov  exponents). 
Limitations  of  various  kinds  have  prevented  us  from  measuring  the  Lyapunov  exponent 
—  such  measurements  for  a  Tay lor-Couette  flow  have  been  made  by  BrandstHter  et  al. 

[5]  -  but  we  do  discuss  some  entropy  measurements  in  section  4d.) 

This  progression  towards  chaos  -  underlying  the  possible  presence  of  a  strange 
attractor  -  proceeds  much  like  thac  proposed  by  Newhouse,  Ruelle  6  Takens  [2].  It 
is  thus  extraordinary  that  the  'generic'  behavior  indicated  by  Ruelle  6  Takens  for  an 


idealized  mathematical  system  should  have  a  nontrivial  bearing  on  a  rather  complex 
fluid  dynamical  system! 

It  should  be  noted  that  few  would  feel  comfortable  in  designating  as  turbulent 


the  signal  we  have  recognized  as  chaotic.  Clearly,  to  the  extent  that  a  turbulent 
flow  must  possess  spatial  randomness,  we  cannot  say  much  of  value  as  to  whether  the 
flow  at  Re  »  66  La  turbulent  or  not  without  a  global  survey  of  the  flow  field  at  this 
Reynolds  number.  Further,  if  one  defies  turbulence  as  a  high  Reynolds  number  phe¬ 
nomenon  (as  is  often  done!),  it  is  tautologically  true  that  the  signal  does  not  re¬ 
present  turbulence.  Further,  a  look  at  the  signal  (figure  8)  would  prevent  someone 
with  an  everyday  familiarity  with  high  Reynolds  number  turbulence  from  accepting  it 


Note  that  the  trajectory  resides  most  often  in  the  upper  right  quadrant,  but  only 
rarely  strays  away  into  the  lower  left  quadrant.  This  behavior  in  the  phase  plane 
can  be  related  to  the  finite  skewness  of  the  signal. 


FIGURE  8:  The  signal  u(t)  at  Re  =  66. 
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FIGURE  9:  The  measured  probability  den¬ 
sity  of  u  at  Re  =  66.  The  abscissa  is 
the  amplitude  about  the  mean  normalized 
by  the  root-mean-square  of  the  signal, 
and  the  ordinate  is  the  probability  den¬ 
sity.  The  signal  has  a  skewness  of  near 
zero  and  a  flatness  of  about  2.4. 


as  turbulent.  Nevertheless,  we  would  like  to  suggest  that  the  signal  shown  in  fig¬ 
ure  8  is  Indeed  random  (for  example,  in  terms  of  algorithmic  complexity  required  to 
specify  it  [12])with  a  well-defined  probability  density  (see  figure  9;  for  a  compar¬ 
ison  with  similar  data  at  ' large' Reynolds  numbers  in  the  far  wake,  see  Thomas  [13]). 
What  this  means  is  that  even  at  low  enough  Reynolds  numbers,  the  Interaction  of  only 
a  few  degrees  of  freedom  leads  to  randomness!  It  is  also  pertinent  to  point  out 
that  at  least  in  some  respects  the  signal  of  figure  8  resembles  a  narrow  band  pass 
filtered  turbulent  signal  at  high  Reynolds  numbers.  (Perhaps  the  word  'preturbu¬ 
lence'  also  used  commonly  in  dynamical  systems  literature,  Is  sufficiently  useful  to 
designate  the  signal  such  as  the  one  shown  in  figure  8,  and  its  dynamics.) 


b.  Chaos  and  its  aftermaths 

No  qualitative  change  occurs  between  Re  •  66  and  about  71.  Soon  thereafter  the 
system  becomes  reordered.  For  example,  the  spectral  density  at  Re  -  76  shows  (essen¬ 
tially)  nothing  but  discrete  peaks  again  (figure  10a).  These  peaks,  shown  in  detail 
in  figure  10b,  can  all  be  identified  with  great  precision  as  arising  from  the  inter¬ 
action  of  tTirsa  Irrational  frequencies.  (That  there  are  definitely  three  Independent 
frequencies  can  alao  be  seen  from  Poincare  sections  (not  shown  here)  and  tha  dimen¬ 
sion  of  the  attractor  discussed  In  section  4b).  After  a  small  increase  in  Reynolds 
number  to  about  81,  one  can  see  the  onset  of  the  broadband  spectral  content  (figure 
11),  and  we  may  consider  chaos  to  have  set  in  again! 
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(b)  Its  details  in  the  frequency  range  0-1250  Hz.  Note  that  all  peaks  above  noise 
level  can  be  represented  by  combinations  of  three  frequencies  f f^  and  f^.  This 
conclusion  can  certainly  be  Influenced  by  the  finite  FFT  resolution,  but  our  belief 
in  the  accuracy  of  this  statement  comes  also  from  dimension  calculations  (section  4). 


Frequency  (Hz) 


FICURE  II:  Chaos  at  Re  »  81.  fj  is 
the  vortex  shedding  frequency. 


The  system  reorders  itself  around  an  Re  of  about  90,  and  we  have  discussed  else¬ 
where  (10]  that  this  reordered  state  is  quasiperiodlc  with  four  frequencies.  (That 
this  is  the  case  will  be  demonstrated  also  by  dimension  measurements  in  section  4d.) 
Chaos  sets  in  again  at  an  Re  •  140,  folLowed  by  yet  another  reordering  around  an  Re 
»  143.  In  fact,  this  sequence  of  return  to  chaos  and  reordering  continues  for  much 
higher  Reynolds  numbers  although  it  becomes  progressively  more  difficult  with  in¬ 
creasing  Re  to  distinguish  experimentally  between  the  two  states. 


J 
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Two  related  points  of  importance  emerge.  First,  there  do  exist  quas iperiod i c 
motions  with  three  or  four  independent  frequencies;  just  Like  Landau's  quasiperiodi¬ 
cities,  the  Ruelle-Takens  picture  of  transition  is  also  not  the  whole  story.  Second, 
transition  to  turbulence  (at  least  in  the  temporal  sense)  is  characterized  by  regions 
of  chaos  interspersed  between  regions  oi  relative  order.  Each  of  these  deserves  at 
least  a  brief  discussion. 


c.  Note  on  quasiperiodicities  with  more  than  two  frequencies 
We  have  shown  Chat  the  route  to  Che  lowest  Reynolds  number  chaos  occurs  in  our 
experiments  precisely  as  postulated  in  the  RTN  picture  of  transition.  On  the  other 
hand,  our  experiments  also  show  that  quasiperiodicities  with  three  (and  possibly 
four)  frequencies  do  exist.  This  type  of  disagreement  with  the  RTN  scheme  has  been 
noted  earlier  in  the  Taylor-Couette  flow  [14]  and  the  convection  problem  [15].  It 
is  thus  percinent  to  inquire  whether  there  are  (in  some  sense)  exceptional  conditions 
to  be  satisfied  for  the  RTN  scheme  to  hold.  Greborgi  et  al.  [16],  who  address  this 
question  in  a  specific  numerical  experiment,  suggest  that  the  three  frequency  quasi¬ 
periodicity  is  indeed  quite  likely  to  occur  in  practice,  and  that  the  special  pertur¬ 
bation  required  to  destroy  this  state  (as  in  the  RTN  scheme)  is  unlikely.  Haken  [17] 
discusses  this  issue  at  some  length  and  concludes  that  if  the  frequencies  possess  a 
certain  kind  of  irrationality  with  respect  to  each  other  (or,  more  precisely,  the 
so-called  Kolmogorov  -  Arnold  -  Moser  condition  holds),  bifurcation  from  a  two-torus 
toa  three-torus  is  possible.  Both  these  discussions  are  strictly  relevant  to  systems 
with  no  externally  imposed  noise  (or  fluctuations),  a  condition  that  does  not  strict¬ 
ly  obtain  in  experiments  (especially  open  systems).  Our  own  experience  is  that  the 
precise  nature  of  even  small  amounts  of  noise  (some  of  which  is  controllable  in  our 
wind  tunnels  and  some  of  which  is  not!)  has  an  influence  on  the  evolution  of  the 
system  (for  a  brief  discussion  of  this  influence,  see  subsection  3e) .  It  is  not 
hard  to  visualize  that  in  our  experiments  the  detailed  conditions  of  intrinsic  noise 
itself  could  have  altered  from  before  to  after  the  first  occurrence  of  chaos.  Clear¬ 
ly,  this  is  an  area  for  further  work,  boch  experimentally  and  theoretically. 


d.  Windows  of  order  and  chaos 

Figure  12  summarizes  the  changes  occurring  in  the  low  end  of  the  Reynolds  num¬ 
ber  range  we  have  considered.  The  shaded  regions  indicate  windows  of  chaos,  and  the 
question  marks  indicate  the  uncertainty  and  difficulty  in  quantifying  what  we  believe 
are  reordered  states. 

At  least  two  questions  arise:  What  is  Che  mechanism  that  permits  the  reordering 
of  a  chaotic  state?  What  determines  Che  length  and  location  of  the  windows  of  chaos? 
Our  understanding  of  these  matters  is  rather  limited,  but  even  within  these  limits, 
some  comments  seem  called  for.  Let  us  consider  the  first  question  now,  and  relegate 
the  second  one  to  the  next  subsection.  The  observed  alternation  between  chaos  and 
order  has  been  known  to  occur  in  several  low-dimensional  dynamical  systems;  for  ex- 
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FIGURE  12:  Window  of  chaos  and  order 


ample,  Lorenz  equations  lid],  and  spherical  pendulum  [19]  .  In  these  systems,  the 
occurrence  of  reordering  is  independent  of  external  noise.  The  numerical  experiments 
of  Matsumoto  &  Ysuda  [ 2 0 J  show  that  chaotic  orbits  could  be  unstable  to  external 
noise,  and  noise  addition  to  deterministic  chaos  (i.e.,  chaos  characteristic  of  de¬ 
terministic  dynamical  systems)  yields  an  ordered  state  in  some  cases.  They  specifi¬ 
cally  consider  the  so-called  Belousov-2habotinskii  (BZ)  reaction  and  some  variants 
of  the  logistic  model.  Roux  et  al.  [21]  find  windows  of  chaos  and  order  in  their 
experiments  on  the  BZ  reaction. 

In  experiments  on  open  systems,  it  is  hard  to  ascertain  whether  the  return  to 
order  is  tied  intimately  to  external  noise  or  the  increased  degrees  of  freedom  asso¬ 
ciated  with  the  appearance  of  chaos  itself.  In  any  case,  the  analogy  between  this 
situation  and  increased  eddy  viscosity  in  turbulent  flows  appears  to  be  more  than 
superficial:  addition  of  high  frequency  modes  results  in  a  lowering  of  an  effective 
Reynolds  number  and  increased  stability  of  the  flow. 

Though  we  have  not  made  detailed  spectral  measurements  at  higher  Reynolds  num¬ 
bers,  it  is  our  contention  that  the  succession  of  order  and  chaos  in  a  wake  continues 
indefinitely  even  at  very  high  Reynolds  numbers  (with  the  caution  that  order  must 
now  be  interpreted  to  mean  spectral  sharpening)  .  Roshko  [22]  pointed  out  several 
years  ago  that  order  reappears  in  the  Reynolds  number  range  of  106 .  More  recently, 
the  fluctuating  lift  force  measurements  of  Schewe  [23]  on  a  circular  cylinder  showed 
that  the  spectral  density  of  the  lift  coefficient  was  broad  at  Re  *  3.7X106  (upper 
end  of  transition)  and  became  increasingly  narrow  until,  at  Re  *  7.1*106,  it  was 
quite  sharp,  rather  like  a  narrow-band-pass  filtered  signal.  Although  the  fluctua¬ 
ting  lift  force  can  at  best  be  related  to  the  squared  fluctuating  velocity  filtered 
via  the  transfer  function  corresponding  to  the  response  of  the  circular  cylinder,  its 
behavior  is  nevertheless  indicative  of  the  flow  itself  in  the  vicinity  of  the  cylinder. 


e.  The  vortex  shedding  frequency  and  windows  of  chaos 
Consider  now  the  variation  of  the  vortex  shedding  frequency  f^  with  Reynolds 
number  (figure  13).  The  frequency  does  not  vary  monotonically  with  Re  but  shows  sev¬ 
eral  more  or  less  distinct  breaks.  Such  breaks  have  been  noted  before  [24,25,26], 
and  perhaps  most  convincingly  demonstrated  in  a  beautiful  experiment  by  Friehe  [27], 


Friehe  varied  the  Reynolds  number  continuously  at  a  small  rate  and  obtained  on  an 
x-y  plotter  the  frequency-Re  variation  directly.  Although  the  appearance  of  the 
breaks  has  been  disputed  [28],  our  own  data,  presented  here  and  elsewhere  [10],  sup¬ 
port  the  conclusion  that  discontinuities  do  indeed  appear. 

Our  interest  here  is  in  pointing  out  that  the  occurrence  of  these  breaks  coin¬ 
cides  with  the  windows  of  chaos.  To  establish  the  connection  better,  ve  may  consider 
in  figure  14  the  details  of  the  break  marked  A  in  figure  13.  Just  upstream  of  the 
break,  the  spectral  density  is  quite  ordered  (four-frequency  quasiperiodicity)  while 
it  is  broadband  until  the  end  of  the  break  region  coinciding  with  the  upper  end  of 
the  window  of  chaos;  to  the  extent  we  can  ascertain,  the  frequency  spectrum  shows  a 
reordering  immediately  after  the  break. 

The  data  shown  by  crosses  in  figures  13  and  14  were  all  obtained  from  one  ex¬ 
perimental  run.  In  a  repeat  of  the  experiment  the  following  day  (for  example)  we 
found  the  same  general  features,  except  that  chaos  set  in  at  different  Reynolds  num¬ 
bers;  the  windows  of  chaos  were  also  of  different  widths.  The  filled  circle  in  fig¬ 
ure  14  was  obtained  in  a  second  series  of  experiments.  It  is  seen  that  this  point 
falls  below  the  first  set  of  data  at  the  same  Re,  but  it  falls  on  the  backward  extra¬ 
polation  of  the  line  corresponding  to  the  reordered  state  (Re  143)  in  the  first 
set.  It  is  hard  to  tell  the  differences  between  conditions  in  the  two  experiments 
without  extensive  documentation,  but  there  are  reasons  to  believe  chat  the  second 
experiment  was  conducted  in  a  somewhat  noisier  environment.  We  thus  speculate  that 
the  location  as  well  as  the  widths  of  the  windows  of  chaos  are  to  some  extent  deter¬ 
mined  by  noise  characteristics  -  in  a  way  that  is  not  well  understood  at  present. 

It  is  interesting  to  note  from  figure  14  that  the  ratio  f^f^  8°“called 

rotation  number),  where  Is  the  second  largest  independent  frequency,  changes  its 
value  abruptly  across  the  narrow  windows  of  chaos.  Figure  15  is  a  plot  of  the  rota¬ 
tion  number  with  Re.  It  is  seen  that  the  number  changes  abruptly  across  all  the  win¬ 
dows  of  chaos,  but  only  slowly  within  regions  of  order. 


FIGURE  15:  The  variation  of  the 
rotation  number  with  Reynolds 
numbe  r. 


f.  The  amplitude  of  the  vortex  shedding  mode  and  chaos 


Since  reordering  is  associated  with  the  reemergence  of  stronger  spectral  peaks, 
it  is  natural  to  expect  that  there  must  be  some  relation  between  the  amplitudes  of  the 
various  modes  and  the  occurrence  of  order  and  chaos.  Figure  16  shows  the  amplitude  of 
the  vortex  shedding  mode  (or  the  f^  frequency)  as  a  function  of  velocity.  (The  ampli¬ 
tude  A^  is  expressed  as  a  fraction  of  the  freestream  velocity  U,  but  is  given  here  to 
an  arbitrary  scale.)  It  is  clear  that  0  indicating  order  coincides  with  a  local  peak 
in  A^,  C  indicating  the  onset  of  chaos  coincides  with  a  local  minimum,  and,  finally, 

RO  indicating  reordering  coincides  with  the  reappearance  of  a  peak.  Except  for  the 
first  time  that  reordering  occurs,  every  successive  reordering  is  associated  with  a 
general  lowering  of  the  amplitude  of  the  vortex  shedding  mode. 


FIGURE  16:  The  amplitude  of  the  vortex  shed¬ 
ding  mode  as  a  function  of  Re.  0  is  order, 

C  chaos  and  RO  is  reordering;  within  a  window 
of  chaos,  0  and  RO  may  in  general  indicate 
different  states  of  order. 


4.  Results  from  the  Dimension  of  the  Attractor 


a.  The  dimension 

It  is  clearly  worth  inquiring  whether  there  is  any  property  of  the  attractor 
that  successfully  describes  in  some  way  the  many  subtle  changes  that  occur  in  the 
frequency  spectra  and  the  related  properties  discussed  in  section  3.  It  appears 
that  there  indeed  is  such  a  quantity,  namely  the  dimension  of  the  attractor.  Loose¬ 
ly  speaking,  the  dimension  of  the  attrajctor  is  related  to  the  number  of  degrees  of 
freedom  —  and  hence  its  importance.  The  concept  of  the  dimension  is  highlighted  in 
studies  of  dynamical  systems,  and  we  may  briefly  digress  here  to  discuss  its  meaning 
before  presenting  results  from  our  measurements.  It  should  be  pointed  out  that,  a- 
part  from  our  own  earlier  measurements  of  the  dimension  for  turbulence  attractors 
19,10],  such  measurements  have  been  made  by  others  in  the  Tay lor-Couet te  flow  (5] 
and  in  the  convection  cell  (29], 

Let  us  consider  an  attractor  (constructed  as  already  discussed  In  section  3 ) from 
a  measured  temporal  signal  u(t)  that  is  embedded  in  a  (large)  d-dimensional  phase 
space.  Let  N(e)  be  the  number  of  d-dimensional  cubes  of  linear  dimension  e  required 
to  cover  Vne  attractor  to  an  accuracy  £ .  Obviously,  making  £  smaller  renders  N  larger, 
but  if  the  limiting  quantity 
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exists,  it  will  be  called  the  dimension  of  the  attractor.  An  important  characteris¬ 
tic  of  a  strange  attractor  is  that  D  is  small  even  though  d  is  large.  Ue  should  be 
interested  in  knowing  whether  transitional  and  turbulent  signals  have  this  property. 
To  see  what  the  dimension  means,  let  us  write  (4.1)  as 


that  is,  if  one  specifies  D  and  the  accuracy  c  to  which  we  need  to  determine  the  at¬ 
tractor,  we  automatically  know  the  number  of  cubes  required  to  cover  the  attractor. 

The  only  missing  Information  will  now  be  the  position  of  the  cubes  in  the  phase  space. 
Thus,  D  can  be  considered  as  a  measure  of  how  much  more  information  is  required  in 
order  to  specify  the  attractor  completely;  the  larger  the  value  of  D,  the  larger  is 
this  missing  information. 

In  general,  the  dimension  D,  as  defined  in  (4.1),  is  fractional  for  strange  at¬ 
tractors,  and  it  has  been  called  the  fractal  dimension  by  Mandelbrot  [30]  who  has 
contributed  a  lot  to  our  understanding  of  the  quantity.  As  defined  in  (4.1),  D  is  a 
geometric  property  of  the  attractor,  and  does  not  take  into  account  the  fact  that  a 
typical  trajectory  may  visit  some  region  of  the  phase  space  more  frequently  than 
others.  Several  measures,  taking  this  probability  into  account,  have  been  defined 
-  and  are  believed  to  be  closely  related  to  the  dynamical  properties  of  the  attrac¬ 
tor.  The  most  well-known  among  them  are: 

(a)  the  poincvise  dimension 

(b)  the  Grassberger-Proccac ia  dimension. 

If  the  attractor  is  uniform,  that  is,  every  region  in  the  phase  space  is  as  likely 
to  be  visited  by  the  trajectory  as  every  other,  then  the  above  two  measures  equal  D 
defined  by  (4.1).  Otherwise,  they  are  generally  smaller  than  D. 

Let  S  (x)  be  a  sphere  of  radius  e  centered  about  a  point  x  on  the  attractor, 
and  let  u  be  the  probability  measure  on  the  attractor.  Then,  the  pointwise  dimen¬ 


sion  is  defined  [31]  as 


Urn  log  ^Sc(x>1 


Crassberger  4  Procaccla  [33]  have  defined  another  measure  v  which  is  related  to 
the  dimension  of  the  attractor,  as  well  as  the  entropy  (see  section  4d) .  The  pro¬ 
cedure  for  computing  v  is  as  follows: 

(i)  Obtain  the  correlation  sum  C (C)  from: 


c(e)  .  Zmi  Hie-  hi  -  Wj  I  ] 


where  H  is  the  Heaviside  step  function  and  is  difference  in  the  two  vector 


positions  and  on  the  phase  space.  Basically,  what  C  does  is  to  consider  a  win¬ 
dow  of  size  e,  and  start  a  clock  that  ticks  each  time  the  difference  |  lies 

within  the  box  of  size  c.  Thus,  one  essentially  has 


C(£)  "  ^2  (number  of  pairs  of  points  (i,j)  with  -  u.(  <  e} 


(ii)  Obtain  v  from  the  relation  [32] 
C(f.)  -  l  as  •--♦o 


In  practice,  not  all  components  of  u  are  known  for  constructing  the  phase  space, 
but  perhaps  only  one  component,  say  u^.  As  we  discussed  in  section  3,  one  constructs 
a  d-dimensional  'phase  space'  using  delay  coordinates 


{u^(ti)>  um(VT) . ura(t1  +  (d-l)T)}, 


1 . k, 


where,  again,  T  Is  some  Interval  which  Is  neither  too  small  nor  too  large  and  k  Is 
large  (In  principle.  Infinity!),  Since  one  does  not  a  priori  know  v,  one  constructs 
several  'phase  spaces'  of  Increasingly  large  value  of  d  and  evaluates  v  for  each  of 
them;  v  will  first  increase  with  d  and  eventually  asymptote  to  a  constant  Indepen¬ 
dent  of  d.  This  asymptotic  value  of  v  Is  of  interest  to  us  as  a  measure  of  the  di¬ 
mension  of  the  strange  attractor. 


We  have  computed  both  d^  and  v  as  described  above,  using  the  streamwlse  velo¬ 


city  fluctuations  u  up  to  an  Re  of  10" ,  and  the  delay  coordinates.  Our  confidence 
In  che  numerical  values  of  these  measures  of  dimension  is  very  good  when  they  are 
less  than  about  5  or  6,  but  becomes  Increasingly  shaky  at  higher  values.  However, 
we  do  believe  that  they  are  reasonable.  Judging  from  their  repeatability  and  the  sev¬ 
eral  precautions  we  have  taken  (such  as  taking  the  proper  limit  as  e-»o  and  using.  In 
a  couple  of  cases,  double  precision  arithmetic  In  our  computations).  It  would  be 
interesting  and  useful  to  evaluate  the  dimension  at  high  Reynolds  numbers,  but  such 
calculations  are  likely  to  be  of  uncertain  value  (unless  perhaps  some  carefully  se¬ 
lected  combination  of  experimental  and  computational  conditions  obtains):  with  in¬ 
creasing  Re,  the  newly  excited  degrees  of  freedom  can  be  expected  to  be  of  smaller 
and  smaller  scales,  and  to  properly  accommodate  them  in  the  dimension  calculations 
requires  that  one  must  in  practice  look  at  increasingly  smaller  values  of  t  (see  e- 
quatlon  4.6).  Such  efforts  will  very  soon  be  frustrated  by  Instrumentation  noise 
and  digitizer  resolution  problems. 


b.  Data  for  Re  <  100 


It  is  convenient  to  consider  first  the  data  for  Re  <  100  (figure  17).  Concentra¬ 
ting  on  the  data  in  the  ordered  statesonly,  we  may  conclude  the  following.  At  Re  - 
36,  where  there  is  only  one  independent  degree  of  freedom  (corresponding  to  the  peri¬ 
odic  vortex  shedding)  —  see  figures  2  and  5  -  the  dimension  of  the  attractor  turns 
out  to  be  about  1,  When  only  two  frequencies  are  present  (figures  3  and  6)  at  Re  • 
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FIGURE  17:  Variation  ot  the  dimension  of  the  attractor  with  respect  to  Reynolds 
numbers.  Note  that  the  dimension  is  about  I  when  there  is  only  vortex  shedding  (Re 
36),  about  2  when  there  are  only  2  frequencies  (Re  ■  54),  about  3  when  there  are  3 
frequencies  (Re  ■  76),  about  -4  when  there  are  4  frequencies.  The  dimension  jumps 
to  higher  noninteger  values  in  the  windows  of  chaos. 


54,  the  dimension  is  about  2.  At  Re  *  76  where  there  are  three  dominant  frequencies 
(figure  10),  the  dimension  is  three  to  within  experimental  uncertainty.  Lastly,  at 
Re  *  91  where  there  are  four  frequencies  present,  the  calculated  v  la  very  close  to 
4.  Thus,  to  within  computational  uncertainties,  it  is  seen  that  the  dimension  of 
the  attractor  is  a  reasonable  representation  of  the  number  of  degrees  of  freedom. 

Now  getting  back  to  measurements  in  the  windows  of  chaos,  it  is  clear  that  the 
first  appearance  of  chaos  at  Re  *  66  is  characterized  by  a  Jump  in  the  dimension  (to 
about  4.4  from  2  characteristic  of  the  two- f requency  quasiperiodicity),  followed  by 
a  return  to  a  value  of  3  in  the  region  of  three- f requency  quaslperlodlclty .  Similar¬ 
ly,  the  dimension  of  the  attractor  in  the  second  chaotic  window  is  about  4.8.  As  we 
discussed  earlier,  the  dimension  of  the  attractor  in  the  chaotic  windows  is  a  frac¬ 
tion. 

c.  Higher  Reynolds  number  data 

Figure  18  shows  the  results  of  the  dimension  calculations  up  to  an  Re  of  about 
10*.  Both  v  and  d  Increase  to  about  20  or  so  at  an  Re  of  10*,  although  the  Increase 
is  not  always  monotonic.  In  fact,  our  calculations  seem  to  suggest  that  the  dimen¬ 
sion  settles  down  to  about  a  value  of  20! 

If  it  is  true  that  the  dimension  of  the  attractor  retains,  even  at  high  Reynolds 
numbers,  its  meaning  as  an  indicator  of  the  number  of  dynamically  significant  degrees 
of  freedom,  common  wisdom  tells  us  that  the  dimension  of  the  attractor  should  gen¬ 
erally  Increase  with  Re.  In  contrast,  the  dimension  does  not  Increase  continuous¬ 
ly;  further,  its  value  is  far  lower  than  Re  whi*.h  is  the  classical  estimate  (see 
Landau  &  Lifshitz  [33]) for  the  number  of  degrees  of  freedom  in  a  turbulent  flow.  It 
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5.  Disci 


10  10  10  10 
Re 

may  be  that  the  constancy  of  the  dimension  at  higher  Re  is  simply  an  artifact  of  re¬ 
solution  and  computational  prohlems,  but  if  Che  result  is  genuine  instead,  it  should 
provide  an  incentive  for  a  suitable  reformulation  of  'turbulence  problem'. 

d.  The  Kolmogorov  entropy 

The  Kolmogorov  entropy  has  the  property  that  it  is  positive  for  a  chaotic  sig¬ 
nal,  zero  for  ordered  signals  and  infinite  for  a  random  signal  with  a  space  filling 
attractor.  As  already  mentioned,  there  are  conjectures  that  the  entropy  equals  the 
sum  of  positive  Lyapunov  exponents,  and  hence,  unlike  Che  dimension  D,  is  a  dynamic 
measure  of  unpredictability  of  the  motion. 

Suppose  the  d-dlmenslonal  phase  space  housing  the  attractor  is  partitioned  into 

boxes  of  size  e  .  Let  p(i^,  1^ . 1^)  be  the  joint  probability  of  finding  u  at 

time  t  -  T  in  box  i^,  u  at  time  t  ■  2t  in  box  i^ . u  at  time  t  ■  dT  in  box  ij. 

The  Kolmogorov  entropy  is  then  defined  [34]  as 


8lm  8.1m  81m  ^ 

e-o  do  d-**»  d 


dT  XI  P(i1""ldHn  P(1l""id)' 


1 1 ' '  '  '  4d 


Grassberger  f»  Procaccia  [35]  have  defined  a  quantity  K  7  which  is  close  to  K  and  fur¬ 
ther  has  the  property  that  K2  >  0  is  a  sufficient  condition  for  chaos.  Without  going 
into  too  many  details,  we  follow  [35]  and  note  that  it  can  be  computed  by  first  ob¬ 
taining  C(e)  as  in  Eq.(4.5)  in  section  4a  for  various  d,  and  forming  the  ratio 

1  Ci(r) 

K2,d(E)  ■  7  *"  — —  •  (*-8) 

d+  1 

where  C,  indicates  C  for  dimension  d.  In  the  limit, 
a 

81m 

d~»  K2  (e)  ■  K  . 
e-*o  ’ 

Table  2  gives  K2  for  Re  •  66  and  81  within  the  first  two  window?  of  chaos. 

For  comparison,  the  table  also  lists  K2  for  the  Henon  map  from  [35]. 
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Tabi.e  2:  The  Kolmogorov  entropy 
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5.  Discussion  of  Results 


Vo  have  sriovr  - "  '  sv.vr  ■  .-.t*  ir.-s  transition  to  turbulence  behind  circular 
cylinders  are  in  essenii  igrvt.*-.f-:  v-.tr.  the  behavior  of  low-dimensional  dynamical 
svstems.  Ve  emphasise  th  it  m.i-.y  let. ills  discussed  above  in  the  near-wake  region  hold 
also  at  around  x  i  ■  50,  although  less  - : nsp iouously . 

One  particularly  imp  ;r;ar.t  feature  of  this  work  is  the  discovery  of  windows  of 
chaos  interspersed  between,  regions  tier:  these  latter  regions  are  three  and  tour- 
frequency  quasipericcitities  in  the  Irv  Reynolds  number  range  up  to  about  140  'possi¬ 
bly  even  higher!;.  Sot  all  abservati tns  we  have  made  can  be  understood  within  the 
present  framework  of  chaos  and  dynamical  systems,  but  we  find  it  amazing  that  the 
dynamics  of  fluid  motion  which  we  believe  are  particularly  governed  by  the  NS  equa¬ 
tions  should  be  at  all  represented  by  extremely  simple  systems.  One  aspect  of  this 
work  is  the  fine  resolution  (in  Reynolds  number,  frequency  domain,  as  well  as  In  the 
phase  space)  with  which  measurements  have  been  made.  It  seems  to  us  that  even  finer 
resolution,  especially  within  the  windows  of  chaos  and  regions  bordering  them,  will 
perhaps  disclose  even  more  Interesting  aspects. 

We  have  shown  that,  during  early  stages  of  transition,  a  strong  connection  (spec¬ 
ulated  previously,  but  never  shown  to  be  true  conclusively)  exists  between  the  dimen¬ 
sion  of  the  attractor  and  the  degrees  of  freedom  as  inferred  from  power  spectral  den¬ 
sities.  Provided  this  interpretation  is  true  also  in  windows  of  chaos  and  (moderate¬ 
ly)  high  Reynolds  number  turbulence,  our  results  suggest  that  the  degrees  of  freedom 
are  not  too  many  even  up  to  Reynolds  number  of  the  order  of  lO4 .  Our  numerical  cal¬ 
culations  based  on  Schewe’s  data  lead  us  to  expect  that  the  dimension  of  the  attrac¬ 
tor,  as  computed  according  to  (4.4)  and  (4.5),  is  not  high  even  at  higher  Reynolds 
numbers  corresponding  to  the  fully  turbulent  state  (Re  =s  10s).  If  the  attractor  Is 
sufficiently  low-dimensional,  a  clever  projection  of  it  can  perhaps  be  used  to  our 
advantage.  (If  the  attractor  dimension  is  even  as  high  as  20,  however,  no  matter 
what  projection  one  devises,  it  will  perhaps  look  uniformly  dark!)  At  this  stage  it 
is  not  clear  how  one  could  use  this  information,  but,  without  entering  into  a  detailed 
discussion,  we  may  point  out  that  it  lends  credence  to  concepts  embodied  in  renormal¬ 
ization  group  theory, slaving  principle,  or,  closer  to  home,  large  eddy  simulation 
or  orthogonal  decomposition  techniques. 

We  thus  believe  that  there  is  much  that  we  can  learn  about  transition  and  turbu¬ 
lence  from  chaos  theories.  In  the  immediate  fucure,  these  theories  provide  a  strong 


ITWTnrvir  vw  \r*  n  v 


motivation  for  looking  into  newer  aspects  of  fluid  flow  phenomena;  discoveries  of 
close  correspondence  between  fluid  flows  and  low-dimensional  chaotic  dynamical  sys¬ 
tems  will  undoubtedly  prove  useful  in  the  sense  that  the  rich  variety  of  results  from 
dynamical  systems  can  be  brought  to  bear  on  fluid  flow  transition  and,  perhaps,  even 
turbulence.  In  the  long  run,  the  hope  is  that  they  will  help  us  in  coming  to  grips 
with  the  eternal  problem  of  turbulence,  namely,  the  enormous  amount  of  ’information* 
that  seems  to  be  available  to  us!  Perhaps  we  can  then  model,  even  at  high  Reynolds 
numbers,  at  least  local  behaviors  by  low- dimensional  dynamical  systems. 

Do  we  then  conclude  that  the  key  to  the  understanding  of  transition  and  turbu¬ 
lence  lies  totally  in  low-diraenslonal  dynamical  systems?  We  think  that  such  state¬ 
ments  are  optimistic  at  best  and  misguided  at  the  worst.  Apart  from  the  fact  that 
the  spatial  structure  of  turbulent  flows,  which  is  their  single  most  important  char¬ 
acteristic,  lies  outside  the  scope  of  dynamical  systems  theories  —  at  least  as  they 
stand  today  —  there  is  a  lot  that  they  do  not  or,  perhaps,  cannot,  tell:  for  example, 
they  do  not  tell  us  anything  about  the  origin  and  physical  structure  of  the  various 
bifurcations  that  can  occur,  or  how  the  drag  coefficient  varies  with  Reynolds  number. 
To  answer  these  and  similar  questions  of  practical  interest,  we  suspect  that  we  have 
to  revert  to  the  NS  equations! 

One  final  comment  should  be  made.  It  would  be  useful  to  make  a  concurrent  flow 
visualization  study  and  relate  the  various  findings  reported  here  to  the  spatial  char¬ 
acteristics  of  the  flow.  It  Is  unfortunate  that  we  cannot  use  much  the  extensive 
flow  visual Izat Ion  observations  made  by  others  <:  r  example,  Gerrard  [361)  because 
the  details  from  one  experiment  to  another  i>  t  precisely  match. 
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Appendix 

Lee  b^,  bj.  ....  bn  be  the  etete  variable*  of  the  ayatem  (1,1).  In  an  n-dlmen- 
alonal  apace  apanned  by  b^,  bj,  ....  b^,  each  point  determine*  the  state  of  the  sya- 
teai  completely  at  a  (Ivan  time,  t.  Aa  t  evolves,  we  obtain  a  continuous  sequence  of 
points  which  form  the  trajectory  of  the  ayetem.  As  t-*“,  the  b^'a  need  not  fo  to  In¬ 
finity,  but  may  terminate  (In  tvo  dimensions)  cither  at  a  node  or  a  focus  or  on  a 
limit  cycle  or,  in  higher  dimensions,  on  to  a  more  complicated  object.  This  object 


ies  of 
cal  sys^ 
suits  frS 
.aps ,  even  ' 
to  grips 
ormatiop 
Reyno/ds 

d  turfcu- 
h  state 
ct  that' 
ant  charJ 
;t  as  they  ' 
ir  example, 
•  variou 
ids  number, 
it  we  I  have 


rent  f low 
jatlallchar- 
lensivel 
because 


thelman- 
.  Chu\  Rick 
<1,  H«ry 
:omxDodaKed 
Finally, 
pt  for  this 
:  indebt- 


n  n-dfa 

en- 

f  the  V 

y  s- 

equenca 

of 

go  to  | 

Jn- 

jr  on  a 

is  obje 

on  which  the  trajectory  terminates  is  called  an  attractor  if  all  other  trajectories 
starting  near  the  said  trajectory  converge  to  the  same  object  as  t-*™.  (That  is,  the 
attractor  is  the  limit  set  of  a  representative  point  in  phase  space.  Thus,  an  attrac¬ 
tor  attracts  all  nearby  trajectories.) 

If  the  system  is  stable  and  steady  the  attractor  is  a  point  -  a  node  if  the  mo¬ 
tion  is  critically  damped  (figure  Al)  or  a  focus  if  the  motion  is  damped  but  oscilla¬ 
tory  (figure  A2) .  If  the  system  executes  a  periodic  motion,  a  limit  cycle  is  obser¬ 
ved  in  che  phase  plane  (figure  A3).  Quasiperiodic  motion  with  two  incommensurate 
frequencies  results  in  a  two-torus  (see  figure  A4) ,  with  the  entire  surface  of  che 
torus  covered  by  the  trajectory  eventually.  A  projection  of  the  torus  on  to  a  plane 


FIGURE  Al:  Stable  node,  (point 
attractor) 


FIGURE  A2 :  Stable  focus,  (point 
attractor) 


FIGURE  A3:  Limit  cycle. 
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S-  t  FIGURE  A4:  Two-torus,  (perspective  view) 
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may  have  different  shapes  depending  on  the  orientation  of  the  plane,  but  it  is  clear 
that  a  section  of  the  torus,  say,  by  the  plane  A  in  figure  A4  (the  Poincare  section) 
will  yield  a  limit  cycle.  To  obtain  such  a  section  in  practice,  one  has  to  intercept 
the  trajectory  each  time  it  crosses  the  plane  (or  'sample'  the  system  at  the  frequency 
f^  and  at  fixed  phase),  and  plot  and  b,  (say)  corresponding  to  these  periodically 
sampled  data.  The  phase  portrait  corresponding  to  the  quasiperiodic  motion  with  three 
frequencies  is  a  three-torus,  and  so  on. 

The  attractor  has  been  called  a  'scrange  attractor'  if  (roughly  speaking)  it  is 
a  complex  surface  repeatedly  folded  onto  itself  in  such  a  manner  that  a  line  normal 
to  the  surface  intersects  it  in  a  Cantor  set.  That  is,  if  one  successively  magnifies 
regions  of  this  intersection  which  appear,  at  some  level  of  resolution,  to  be  erire- 
iy  'filled',  one  sees  regions  of  'emptiness'  interspersed  between  regions  of  'occupa¬ 
tion'.  One  cannot  test  this  property  of  the  strange  attractor  directly  if  it  is  con¬ 
structed  from  experimental  data  (because  .»!  noise  and  the  finite  resolution  of  the 
instrumentation),  and  so,  one  uses  several  ol  its  other  properties  to  determine  its 
occurrence.  For  example,  any  two  neighboring  trajectories  on  the  strange  attractor 
wili  diverge  exponentially  apart  for  small  t  (the  so-called  sensitivity  to  initial 
conditions,  measured  bv  positive  Lyapunov  exponents  or  the  Kolmogorov  entroDv) :  the 
so-called  dimension  of  the  attractor  (see  section  4)  is  generally  a  non-lnteRer;  the 
spectral  density  of  the  temporal  signal  used  to  construct  the  attractor  will  have 
broadband  components  orders  of  magnitude  above  the  instrumentation  and  other  noise 
levels. 
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Chaos  in  Open  Flow  Systems 

K.R.  Srct-nivasan 

Corner  for  Applied  Mechanics.  Mason  Laboratory.  Yale  University. 
New  Haven.  CT  06520,  USA 


Ue  discuss  briefly  some  aspects  of  'open  flow  systems'  in  the  context 
of  deterministic  chaos.  This  note  is  mostly  a  statement  of  the  diffi¬ 
culties  in  characterizing  such  flows,  especially  at  high  Reynolds  num¬ 
bers,  by  dynamical  systems.  Brief  comments  will  be  made  on  the  frac¬ 
tal  geometry  of  turbulence. 

1 ■  Introduction 

One  of  the  most  fascinating  phenomena  in  fluid  mechanics  is  the  trans¬ 
ition  from  a  steady  laminar  state  to  a  turbulent  state.  Our  concern 
here  is  a  brief  discussion  (in  the  context  of  deterministic  chaos)  of 
this  transition  process  (or  processes),  and  of  aspects  of  the  fully 
turbulent  state  itself.  We  shall  concentrate  entirely  on  'open  flow 
systems',  or  'unconstrained'  flows,  e.g.,  wakes,  jets,  boundary  layers, 
channel  and  pipe  flows,  etc. 

It  is  not  obvious  in  what  sense  one  can  think  of  open  flow  systems 
as  genuine  dynamical  systems.  We  recall  from  [11  that  such  flows 
could  behave  in  generically  different  ways  from  the  'closed  flow  sys¬ 
tems'.  In  all  closed  flow  systems  the  boundary  is  fixed  so  that  only 
certain  class  of  eigenfunctions  can  be  selected  by  the  system;  this 
does  not  hold  for  open  flow  systems  in  which  the  flow  boundaries  are 
continuously  changing  with  position.  Thus,  while  in  closed  flow  sys¬ 
tems  each  value  of  the  control  parameter  (for  example,  the  rotation 
speed  of  the  inner  cylinder  in  the  Tay lo r-Coue t t e  problem)  character¬ 
izes  a  given  state  of  the  flow  globally,  this  is  not  true  of  open  sys¬ 
tems.  Consider  as  an  example  the  near  field  of  a  circular  jet.  For  a 
given  set  of  experimental  conditions,  the  flow  can  be  laminar  at  one 
location,  transitional  at  another  and  turbulent  at  yet  another  (down¬ 
stream)  location.  This  usually  sets  up  a  strong  coupling  between  dif¬ 
ferent  phenomena  in  different  spatial  positions  in  a  way  that  is  pecu¬ 
liar  to  the  particular  flow  in  question.  Secondly,  the  nature  and  in¬ 
fluence  of  external  disturbances  (or  the  'noise',  or  the  'background 
or  freestream  turbulence')  is  more  delicate  and  difficult  to  ascertain 
in  open  flows:  the  'noise',  which  is  partly  a  remnant  of  complex  flow 
manipulation  devices  upstream  and  partly  of  the  'long  range'  pressure 
perturbations,  is  not  'structureless'  or  'white',  no  matter  how  well 
controlled.  Finally,  it  is  well-known  that  closed  flow  systems  can  be 
driven  to  different  states  by  means  of  different  start-up  processes; 
for  example,  different  number  of  Taylor  vortices  can  be  observed  in  a 
Tay lor-Coue t te  apparatus  depending  on  different  start-up  accelerations 
(2J.  This  type  of  pa t h- s e ns  i  t  i  v  i  ty  in  a  temporal  sense  does  not  apply 
to  open  systems,  where  the  overriding  factor  is  the  pa th -s ens  i  1 1  v  1  ty 
in  a  spatial  sense  (l.e.,  the  'upstream  influence'). 

These  remarks  notwithstanding,  it  has  been  shown  in  Refs.  1  and  3 
that  it  Is  worthwhile  examining  transition  in  open  flow  systems  from 
the  point  of  view  of  low-dimensional  chaos.  The  usual  way  of  esta¬ 
blishing  this  connection  is  via  the  analysis  of  the  time  history  of  a 
single  dynamical  variable  such  as  a  velocity  component  obtained  at  a 
fixed  (Eulerlan)  point  in  the  flow  (4).  We  should  stress  that  this 
procedure  is  Inadequate  especially  for  the  open  flow  systems.  Two  re- 


marks  ought  to  suffice.  First,  since  the  dynamical  Instabilities  In 
open  flows  are  most  often  convective  in  nature,  analysis  of  temporal 
Eulerian  quantities  does  not  carry  with  it  much  information  on  the 
evo 1 u  t i on  of  the  system.  Deissler  &  Kaneko  (5j  have  pointed  out  that 
a  flow  which  gives  every  appearance  of  being  chaotic  may  nonetheless 
have  no  positive  Lyapunov  exponents  in  the  Eulerian  frame  of  reference 
Perhaps  a  more  relevant  method  of  characterizing  the  evolution  of  the 
flow  in  terms  of  a  dynamical  system  would  be  to  use  the  Lagrangian 
information  obtained,  say,  by  measuring  the  velocity  of  a  fluid  parti¬ 
cle  as  it  moves  about  in  the  flow.  To  say  the  least,  accurate  mea¬ 
surements  of  this  type  are  hard  to  make. 

The  second  point  to  be  made  is  that  most  open  flow  systems  pos¬ 
sess  strong  spatial  Inhomogeneities  in  a  direction  normal  to  the  flow. 
(Indeed,  these  inhomogeneities  are  responsible  for  processes  that 
maintain  the  flows  against  viscous  dissipation.)  For  this  reason,  it 
is  a  priori  unclear  to  what  extent  the  temporal  information  obtained 
at  one  selected  point  fixed  in  the  flow  can  represent  the  global  dy¬ 
namics.  One  might  think  that  a  simultaneous  measurement  (at  a  given 
time  or  as  time  sequences)  of  a  dynamic  quantity  such  as  velocity, 
made  at  many  spatial  points  in  the  flow,  might  solve  this  problem. 

This  is  not  so;  one  does  not  even  know  how  to  construct  a  dynamical 
system  from  such  empirical  data. 

It  therefore  appears  worth  enquiring  explicitly  whether,  in  open 
flow  systems,  attractors  constructed  from  Eulerian  point  measurements, 
using  the  usual  time  delay  techniques,  are  chaotic;  that  is,  whether 
they  are  characterized  by  low  dimensions,  and  possess  (at  least!)  one 
positive  Lyapunov  exponent.  This  is  done  in  section  2.  In  section 
3,  we  examine  the  variation  with  the  flow  Reynolds  number  of  the  di¬ 
mension  of  the  attractor,  and  comment  briefly  on  the  dimension  at 
large  Reynolds  numbers.  In  section  4,  brief  remarks  will  be  made  on 
two  aspects  of  turbulence  that  can  be  ascribed  fractal  dimensions. 

2.  Chaotic  attractors  for  open  flows:  low  Reynolds  numbers 

Chaotic  attractors  are  characterized  by  at  least  one  positive 
Lyapunov  exponent  and  by  relatively  low  dimensions  that  do  not  con- 
tinously  Increase  with  the  embedding  dimension.  Ue  have  made  point 
measurements  of  velocity  signals  in  several  different  flows  and  con¬ 
structed  attractors  using  the  time  delay  technique;  we  have  obtained 
the  correlation  dimension  v  according  to  the  C r a s s be rge r-P r ocacc  la 
algorithm  [6),  and  the  largest  Lyapunov  exponent  according  to  the  al¬ 
gorithm  given  in  Wolf  et  a  1  .  ( 7 ] .  (Spurred  by  a  talk  that  Harry 

Swinney  gave  in  Kyoto  in  1983,  we  wrote  versions  of  a  program  to  cal¬ 

culate  the  largest  Lyapunov  exponent,  but  have  now  switched  over  to 
the  method  of  Ref.  7.)  Since  both  these  procedures  are  now  well- 
known,  we  shall  not  describe  them  here. 

In  Table  1,  we  list  some  basic  information  for  four  flows.  A 
crucial  factor  in  obtaining  the  correlation  dimension  is  the  choice 
of  the  optimum  time  delay  t.  We  simply  varied  t  over  a  wide  range, 
and  used  a  t  in  the  range  where  its  precise  value  is  not  critical. 

We  show  in  Fig.  1  the  correlation  dimension  as  a  function  of  t. 
Clearly,  too  large  a  t  will  result  in  the  Increase  of  v. 

Figure  2  shows  the  convergence  with  the  number  of  iterates  of  the 

largest  Lyapunov  exponent  for  the  wake,  calculated  using  an  embedding 
dimension  of  6;  other  embedding  dimensions  yield  essentially  the  same 
asymptotic  value,  even  though  the  initial  behaviors  could  be  quite 
different.  It  should  be  remarked  that  the  dimension  and  the  Lyapunov 
exponents  usually  converge  (for  the  calculations  typified  by  Table  1) 
relatively  fast;  total  signal  durations  of  the  order  of  2000to,  where 
t  is  the  zero-crossing  tine  scale  of  the  auto-correlation  function, 

was  found  to  be  usually  sufficient. 
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Table  1:  Typical  data  for  low  Reynolds  number  open  flow  systems 


Re=U  d/v  Correlation 

Largest 

dimension, v 

Lyapunov 

exponent 

wake  behind 

circular  cylinder* 

67 

2  .  6 

j  .  o  3 

bits/orbit 

axisymmetric 

j  e  t 

(unexcited)’ 

1000 

6  .  3 

0.95 

bits/orbit 

axis  ymme  trie 

j  e  t 

( exc  i  ted  )  ’ 

1000 

3  .  2 

— 

c  u  rved  pipe* 

6625 

6 . 0 

o 

i  - 

o 

bits/orbit 

ld  =  diameter  of  the  cylinder,  U  =  upstream  flow  speed;  data  were 
obtained  10  diameters  downstream,  1  diameter  off-axis. 

’d  =  diameter  of  the  nozzle,  U  =  nozzle  exit  velocity;  data  were  ob¬ 
tained  in  the  potential  core  2  diameters  downstream  of  nozzle 
exit. 

’no  Lyapunov  exponent  was  computed  because  we  lost  the  data  sets 
immediately  after  computing  the  dimension. 

*d  =  pipe  dlamter,  U  =  section  average  velocity;  the  data  correspond 
to  the  centerline  of  the  pipe. 


t,  sampling  Intervals 


evolution  else  (arb.  units) 


Fig.  1  The  variation  of  the  correlation  dimension  as  a  function  of 
the  tine  delay  z  used  to  construct  the  attractor. 

Fig.  2  Variation  of  the  largest  Lyapunov  exponent  with  the  evolution 
tine . 

From  many  such  calculations,  we  conclude  that  if  one  constructs 
attractors  using  a  single  Eulerlan  dynamical  quantity  via  time  delay 
techniques,  such  attractors  do  possess  (at  low  Reynolds  numbers) 
characteristics  of  chaotic  dynamics.  Perhaps,  Eulerlan  quantities  dc 
preserve  some  information  on  the  dynamical  evolution,  in  some  loose 
sense  akin  to  Poincar€  sections! 


vie  shall  remark  that  these  calculations  do  not  unequivocally  est: 
bllsh  that  tubulence  is  chaotic  (in  the  sense  of  extreme  sensitivity 
to  initial  conditions).  Our  findings  could  perhaps  be  Interpreted 
equally  well  in  terms  of  'external  noise  amplification'  in  the  syste: 
Much  more  work  is  needed  before  one  can  determine  the  extent  to  whic 


Mrr+'Cm  r 


*«. 


6730  iv^vJhA-y^+y 


5670  -  -'— 4y^*\, 


aaamwww 


5000 


4200 


0  25a  from  tha  insida  surfaca  0.25a  from  lh*  cxjtiid*  svrfaca 


Fig.  3a  Measurement  stations  for 
the  curved  pipe.  Flow  at  the  mea¬ 
surement  stations  is  fully  devel¬ 
oped.  Configuration  details  can  be 
found  in  [3). 


Fig.  3b  Streamwise  velocity 
fluctuations  at  several  Reynolds 
numbers  at  position  A  (the  right 
set  of  signals,  measured  0.23 
radius  from  the  outer  wall)  and 
position  B . 


this  last  mentioned  factor  competes  with  the  intrinsic  sensitivity  to 
Initial  conditions  as  the  mechanism  for  the  generation  of  turbulence. 
Ue  should  also  reiterate  the  variation  with  spatial  position  of  the 
characteristics  of  the  'Eulerlan  attractors'.  For  the  curved  pipe, 
Fig.  3  shows  samples  of  streamwise  velocity  history  at  two  spatial 
locations  (but  at  the  same  streamwise  section  in  the  so-called  fully 
developed  region).  Clearly,  attractors  constructed  from  signals  at 
these  two  different  locations  can  be  expected  to  have  different  dimen¬ 
sions  and  spectra  of  Lyapunov  exponents.  For  an  Re  of  6625,  the  data 
are  as  shown  In  Table  2.  At  the  least,  these  data  suggest  that  the 
interpretation  of  the  dimension  as  an  indicator  of  the  dynamically 
significant  degrees  of  freedom  of  flow  needs  some  qualification. 


Table  2:  The  spatial  variation  of  the  characteristics  of  the  'Eulerian 
attractors'  at  two  different  spatial  positions  in  the  same 
flow  at  the  same  streamwise  location  at  the  same  Re.  Data 
are  for  curved  pipe;  details  as  In  Fig.  3. 


position  A 


pos 1 1  Ion  B 


A  ^  ,  bits/orblt 


A  ^  ,  bits/orblt 


6.0 


5.4 


2  .  7 


0.17 


3.  Dimension  calculations  at  higher  Reynolds  numbers 


If  we  persist  with  dimension  calculations  at  higher  Reynolds  num¬ 
bers  —  using  the  same  technique.  In  spite  of  Its  shortcomings  —  they 
become  uncertain  because: 


(a)  The  number  of  data  points  required  for  convergence,  and  the 
number  of  steps  Involved  In  dimension  calculations  go  up; 

(b)  One  cannot  In  general  find  a  proper  range  of  time  delays  over 
which  the  results  are  sensibly  Independent; 

(c)  There  Is  no  guarantee  that  the  dimension  calculations  asymp¬ 
tote  to  constant  values  as  the  embedding  dimension  Increases. 
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Fig.  4  a  The  variation  of  the  correlation  dimension  v  with  the  embed¬ 
ding  dimension  d.  Re  *  500,  approximately  5  diameters  down¬ 
stream  of  the  cylinder.  A  s p a c e - f  i  1 1 1  ng  attractor  Is 
expected  to  have  the  behavior  shown  by  the  dashed  line. 

Fig.  4b  The  variation  of  the  correlation  dimension  v  with  the  embed¬ 
ding  dimension  d.  Re  1  2000,  approximately  5  diameters 
behind  the  cylinder.  v  *  d  line  holds  for  a  s pace - f  1 1 1  i  ng 
attractor.  The  *'s  Indicate  the  values  of  v  computed  for 
the  random  noise  from  a  commercial  random  noise  generator. 
Notice  that  the  asymptotic  value  of  v  is  definitely  below 
the  noise  data,  although  only  by  a  small  margin.  The  near¬ 
ness  of  the  noise  data  to  the  flow  data  shows  why  we  cannot 
place  too  much  emphasis  on  high  dimension  computations. 


t« 

Fig.  5  The  variation  of  the  dimension  with  Reynolds  number.  Data 
are  for  the  wake  of  a  circular  cylinder. 

Figures  4a  and  b  Illustrate  this  last  point;  Fig.  4b  Is  the  upper 
Halt  on  tha  Reynolds  number  at  which  some  credibility  (already  rathet 
low!)  can  be  ascribed  to  the  dimension  calculations.  If  we  believe 
the  numbers  obtained  from  such  calculations,  we  may  deduce  that  a 
power  law  relation  like  Re’/*  Is  not  unlikely  (Fig.  5). 

It  Is  worth  mentioning  that  Constantin  et  al.  (8)  have  placed  the 
upper  bound  on  the  dimension  of  Na v  1  e r -S toke s  attractors  to  be 
of  order  R'/*  (and  higher  If  s e 1 f - s lm 1 la r 1 ty  In  the  Kolmogorov  range 
does  not  obtain!),  where  the  Reynolds  number  R  ■  u'L/v,  u'  being  a 
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coo t-mean- s q ua r e  velocity  f 1 uc tua t  i  on , a nd  L  is  an  Integral  state  of 
turbulence.  The  precise  relation  between  R  and  the  Reynolds  numbers 
Re  used  in  Table  1  depends  on  the  flour,  but  it  is  clear  that  if  the 
present  finding  of  a  3/4  -  power  law  is  true,  it  Is  of  undoubted  sig¬ 
nificance  in  spite  of  our  earlier  reservations  on  the  meaning  of  the 
dimension  obtained  in  this  way. 

Fully  turbulent  flows  are  characterized  by  temporal  and  spatial 
chaos.  Temporal  dynamics  is  thus  merely  a  part  of  the  whole  story; 
this  in  itself  is  hard  to  come  to  grips  with,  even  if  the  dimension 
were  to  increase  'only'  according  to  a  3/4  power  of  the  Reynolds  num¬ 
bers.  Is  there  then  any  connection  between  real  turbulent  flows  and 
finite- (and  low-)  dimensional  dynamical  models  which  one  hopes  one  can 
construct?  (That,  presumably,  is  the  practical  motivation  for  studies 
of  this  type.)  The  answer  would  have  been  an  unequivocal  'no'  were 
it  not  for  the  fact  that  some  (perhaps  strong?)  spatial  coherence  ap¬ 
pears  to  exist  at  least  in  some  classes  of  fully  turbulent  flows.  One 
might,  in  some  way  that  remains  unclear,  be  able  to  decompose  the 
motion  into  two  components,  one  of  which  consists  of  this  coherent 
element  and  the  other,  its  complement.  One  can  then  think  of  a  low- 
dimensional  attractor  characterizing  the  coherent  motion,  the  attrac¬ 
tor  being  made  fuzzy  by  the  small  scale  motion  whose  effect  is  to  re¬ 
duce  the  correlation.  Unfortunately,  it  is  not  clear  whether  this 
loosely  worded  picture  is  consistent  with  facts. 

Elementary  tests  of  this  hypothesis  can  be  made  if  one  is  able 
to  separate  the  Incoherent  motion  from  the  coherent  part.  This  might 
be  possible,  for  example,  by  some  kind  of  ensemble  averaging  methods 
such  as  used  in  [9].  The  simplest  (by  no  means  the  most  correct)  way 
is  to  filter  out  linearly  in  the  frequency  domain  the  coherent  motion 
from  the  rest.  To  avoid  many  conceptual  difficulties  associated  with 
filtering  as  the  technique  for  separating  the  coherent  and  Incoherent 
motions  we  choose  a  (relatively)  high  Reynolds  number  flow  where  the 
coherent  part  is  clearly  contained  within  a  narrow  band  of  frequen¬ 
cies;  we  then  enquire  whether  the  motion  associated  with  this  narrow 
band  is  low  dimensional. 


Figure  6a  shows  the  streamwise  velocity  fluctuation  in  the  wake 
of  a  circular  cylinder,  measured  about  2  diameters  behind  the 
cylinder  and  a  diameter  off-axis;  the  flow  Reynolds  number  of  10,000 
is  considered  moderately  high.  Computing  the  dimension  of  the  attrac- 


v i g s  6a, b:  The  total  (unflltered)  and  the  coherent  part  respectively 
of  the  streamwise  velocity  fluctuation  in  the  wake  of  a 
cylinder;  Re  *  10,000.  Both  the  ordinate  and  abscissa 
are  arbitrary  but  the  same  in  the  two  figures. 
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tor  constructed  from  this  signal  is  doomed  to  be  meaningless  in  view 
of  the  remarks  made  earlier.  (  I_f  the  Re1'1  dependence  is  valid,  the 
extrapolated  estimate  for  v  is  of  the  order  of  30!)  We  do  know  from 
power  spectral  measurements  that  this  signal  has  a  peak  at  a  frequency 
f  of  about  550  Hz;  this  peak  .corresponding  to  a  Strouhal  number  fd/'J 
1  0.21,  characterizes  the  coherent  part  of  the  motion.  If  ue  band-  0 
pass  filter  this  signal  between,  say,  500  and  600  Hz,  the  resulting 
signature  is  given  in  Fig.  6b.  Calculations  show  that  the  corres¬ 
ponding  attractor  has  a  dimension  of  about  3.5! 

It  is  appropriate  to  end  this  discussion  with  the  statement  that 
the  coherent  part,  as  we  defined  It  here,  contains  a  significant 
fraction  of  energy. 


4  .  The  fractal 


of  turbulence: 


brief  note 


We  have  indicated  that  measurements  of  attractor  dimensions  are 
beset  with  increasing  uncertainties  at  increasingly  high  Reynolds  num¬ 
bers.  But  there  are  other  fractal  dimensions  whose  measurement  be¬ 
comes  Increasingly  definitive  as  Reynolds  number  increases.  It  is  to 
a  mention  of  two  of  these  aspects  that  this  section  is  devoted;  more 
details  should  be  forthcoming  in  (10].  The  results  of  this  section 
are  essentially  spurred  by  Mandelbrot's  remarks  on  several  occasions 
that  many  facets  of  turbulence  are  fractal. 


4a.  The  fractal  dimension  of  the  t u rb u 1 en t /non- t u r bu len t  Interface 

Observations  suggest  that  in  high  Reynolds  number  free  shear 
flows  (l.e.,  open  flow  systems  with  no  constraining  boundary)  a  sharp 
front  or  Interface  demarcates  the  turbulent  and  non- t u r bu 1 en t  regions. 
Although  a  completely  accepted  view  of  the  detailed  nature  of  this 
Interface  does  not  seem  to  exist,  a  visual  or  spectral  study  suggests 
that  contortions  over  a  wide  range  of  scales  occur.  This  leads  one 
to  the  natural  expectation  that  the  Interface  is  a  fractal  surface. 

By  Illuminating  a  thin  section  of  a  flow,  and  by  digitizing  the 
resulting  picture,  one  can  evaluate  the  fractal  dimension  of  the 
curve  that  separates  the  turbulent  from  the  non- tu r bu 1 en t  regions;  a 
threshold  set  on  the  intensity  of  illumination  separates  the  two  re¬ 
gions.  The  fractal  dimension  of  the  surface  bounding  turbulent  re¬ 
gions  is  then  one  more  than  that  of  the  curve. 

Several  methods  can  be  adopted  to  measure  the  fractal  dimension 
(11].  We  shall  describe  only  one  rather  briefly.  Assign  to  each 
point  in  the  digitized  image  of  the  flow  a  number  1  when  the  point 
lies  within  the  turbulent  region,  and  a  number  0  when  it  lies  within 
the  non-turbulent  region.  Let  the  boundary  shown  in  Fig.  7  represen 


Fig.  7  The  boundary  between  the  turbulent  and  non-turbulent  region:. 
If  a  circle  of  radius  c  drawn  around  a  given  point  in  the 
digitized  image  crosses  the  boundary,  the  point  is  consider¬ 
ed  to  be  within  a  distance  c  from  the  boundary. 
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the  boundary  between  the  l's  and  the  0's.  Count  the  number  N b ( e J  of 
the  digitized  points  which  are  within  a  distance  c  from  the  ooundary. 
If  this  boundary  is  a  fractal  of  dimension  D,  then  it  is  easily  shown 
from  the  basic  definition  of  D  that 


Nb(c)  -  e‘ 


Measurements  to  be  described  in  |10j  show  that  (1)  holds  for 
scales  ranging  from  the  Kolmogorov  scale  to  a  fraction  of  the  inte¬ 
gral  length  scale  (but  excluding  scales  of  the  order  of  the  integral 
scale  and  higher).  The  measured  value  of  the  fractal  dimension  for 
the  interface  varies  between  2.3  and  2.4;  there  is  no  identifiable 
variation  from  one  type  of  flow  to  another. 


4b.  The  fractal  dimension  of  the  velocity  and  scalar  dissipation 
fields 


Another  aspect  of  turbulence  that  is  a  candidate  for  fractal  be¬ 
havior  is  its  dissipative  (or  Internal  or  small)  structure,  it  has  been 
well-known  for  some  time  that  the  small  structure  of  turbulence  is 
intermittent.  The  essence  of  sea  1 e- s i m i 1  a r  i  t y  arguments  in  this  con¬ 
text  is  the  following.  Within  a  given  field  of  (fully  developed) 
turbulence,  consider  a  cube  with  sides  of  length  L  ,  where  L  Is  an 


Integral  scale  of  turbulence.  If  we  divide  this  cube  into  arbitrarily 


large  number  (n>>l)  of  smaller  cubes  of  length  L  =  L  n~‘/‘,  the 
density  of  dissipation  rate  in  each  of  these  smaller  cubes  is  distri¬ 
buted  according  to  a  probabilistic  law.  Further  subdivision  of  these 
cubes  into  second-order  ones  of  length  L  *  L  ” 1  /  ’  leaves  the  proba¬ 
bility  distribution  unaltered.  This  similarity  extends  to  all  scales 
of  motion  until  one  reaches  sizes  directly  affected  by  viscosity. 
Clearly,  this  case  cries  out  for  fractal  description. 


Using  methods  discussed  in  111],  we  have  obtained  the  results 
shown  In  Table  3. 


One  concludes  from  here  that  the  dissipation  field  is  not  space¬ 
filling  (less  s pace - f  i  1 1 1  ng  in  the  high  Reynolds  number  regime)  and 
that  (c)  is  less  s pace- f  1 1 1  i  ng  than  (b)  —  a  result  consistent  with 
observations  in  oceanography.  Note  that  the  result  (b)  is  only  at 
slight  variance  with  Mandelbrot's  111]  original  estimate  of  2.6. 


Table  3:  Summary  of  the  fractal  dimensions  of  the  dissipation  fields 


Fractal  dimension 


(a)  Kinetic  energy  dissipation 
(low  Reynolds  number)* 

(b)  Kinetic  energy  dissipation 
(high  Reynolds  number) 

(c)  Passive  scalar  (e.g., 
temperature)  dissipation 
(high  Reynolds  number) 


*  The  boundary  between  the  low  and  high  Reynolds  number  regimes 
is  not  well-defined.  A  convenient  boundary  occurs  at  a  microscale 
Reynolds  number  of  about  130. 


Theoretical  explanations  of  these  fracral  dimensions,  as  well  as 
of  the  connections  that  might  exist  among  them,  would  be  of  fundamen¬ 
tal  interest. 
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The  fractal  facets  of  turbulence 

By  K.  R.  SREENIVASAN  and  C.  MENEVEAU 

<  enter  t* >r  Apples!  Mi-i  hitn i« •»  N  ill-  I  no*T»in  New  Haven  (  T  l •*>.'> I  I  SA 
iKi-iti-.hI  March  !!lKHt 

S|MTulatii)iis  abound  that  -cvi-ral  laict>  < > t  full \  devdo[>ed  turbulent  How-  arc 
fractals  Although  the  earlier  leading  work  ot  Miin<lt*ll>r< »t  11974  197.'>i  Migge»t»  that 
these  'peculations  initiated  largelv  in  hltllsell  are  plausible.  He  effort  has  vet  been 
made  te  put  them  eii  firmer  ground  l>\  resorting  te  aetua!  measurements  m  turiiulent 
sliear  Mews  This  work  is  an  attempt  at  rilling  tins  trap  In  particular  we  examine 
the  following  <|iiestiei)s  i r» )  Is  tin-  turiiulent  lien  turinilent  interface  a  *Hf-«imilar 
fractal  and  (if  se)  what  is  its  fractal  dimension'  Does  this  quantity  differ  frem  ene 
class  ef  Hews  te  anether  '  |/;|  Are  ceiistant  prejM-rtv  surfaces  (such  as  the  ise-ve|edt\ 
and  ise-cencentratieii  surfaces]  m  tullx  develojied  Hows  fractals'  What  are  their 
fractal  dimensions '  (<■)  Do  dissipative  structures  in  fully  developed  turbulence  form 
a  fractal  set  '  What  is  the  fractal  dimension  ef  this  set  '  Answers  to  these  ijiiestions 
(and  others  to  fie  less  fully  discussed  here)  are  interesting  because  they  bring  the 
theory  of  fractals  closer  to  application  to  turbulence  and  shed  new  light  on  some 
classical  problems  in  turbulence  -  for  example,  the  growth  of  material  lines  in  a 
turiiulent  environment.  The  other  feature  of  this  work  is  that  it  tries  to  quantifv  the 
seemingly  complicated  geometric  asjiccts  of  turbulent  Hows,  a  feature  that  has  not 
received  its  proper  share  of  attention  The  overw  helming  conclusion  of  this  w  ork  is 
that  several  aspects  of  turbulence  can  tie  described  roughly  by  fractals,  and  that  their 
fractal  dimensions  can  be  measured.  However,  it  is  not  clear  how  (or  whether),  given 
the  dimensions  for  several  of  its  facets,  one  can  solve  (up  to  a  useful  accuracy)  the 
inverse  problem  of  reconstructing  the  original  set  (that  is.  the  turbulent  How  itself). 


1.  Introduction 

Starting  with  Richardson  (1922).  it  has  been  thought  that  fully  developed 
turbulence  consists  of  a  hierarchy  of  eddies,  or  scales  of  various  orders.  The 
mechanism  responsible  for  this  situation  is  assumed  to  be  that  eddies  of  a  given  order 
(or  size)  arise  as  a  result  of  the  loss  of  stability  of  larger  eddies  of  the  preceding  order . 
these  in  turn  are  assumed  to  lose  their  stability  and  generate  eddies  of  a  smaller  order 
to  w  hich  they  transmit  their  energy.  This  recurring  scheme  is  expected  to  terminate 
at  scales  small  enough  to  be  stable  -  that  is.  scales  whose  characteristic  Reynolds 
number  is  unity.  It  is  well  known  that  this  lower  bound  on  the  scale  size  is  of  the 
order  of  the  Kolmogorov  scale.  This  theory  of  cascade,  verbalized  in  a  memorable 
rhyme  by  Richardson  (1922).  and  cultivated  by  Kolmogorov  (1941.  1962).  Obukhov 
(1941 .  1962).  Onsager  ( 1945)  and  Weizsacker  (1948).  has  made  remarkable  strides  in 
advancing  our  understanding  of  turbulent  Hows. 

It  is  this  description  of  turbulent  flows  -  namely  that  they  are  objects'  consisting 
of  a  hierarchy  of  scales  -  that  leads  to  the  expectation  that  the  theory  of  fractals 
(Mandelbrot  1982.  to  which  reference  must  be  made  for  an  enjoyable  and  original 
account  of  fractals)  must  be  applicable  to  turbulence.  In  the  most  basic  sense,  fractals 
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are  objects  that  display  self  similarity  over  a  wide  range  of  scales  (We  shall  return 
in  tj.i  to  the  fact  that  fractals  are  now  used  to  describe  more  general  rlass  of  objects 
than  those  displaying  strict  self-similarity  I  Mandelbrot  (I982i  tor  example  has 
remarked  that  turbulence  involves  many  fractal  facets  and  claimed  that  a  projier 
investigation  of  the  geometric  aspects  of  turbulence  -  w  hu  h  has  been  ignored  all 
along  in  the  vast  literature  on  turbulence  -  must  necessarily  involve  fractals 
concepts  from  Euclidean  geometry  are  totally  inadequate  He  has  also  led  the  wav 
by  his  ow  n  investigations  ( Mandelbrot  1974  1 975  j  but  :n  his  own  word'  i  Mandelbrot 
1982)  they  involve  suggestions  with  few  hard  results  as  vet  Tile  intention  *>t  this 
paper  is  to  remedy  this  situation  by  resorting  to  actual  measurements  ill  turbulent 
flow  s 

Analogous  to  the  Euclidean  dimension  of  classical  mr  ordinary i  objects  each 
fractal  object  is  associated  with  a  characteristic  dimension  called  the  fractal 
dimension  w  hich  forms  a  basic  measure  of  it  fragmentation  or  roughness  it  has  the 
projiertv  that  it  is  strict  ly  greater  t  hail  t h«-  object  s  topological  dimension  It  apjs  ars 
as  a  certain  exponent  l)  =  log  A'  log  1 1  >  i  .characteristic  of  a  self-similar  object  which 
is  made  of  A  parts,  each  of  which  is  obtained  from  the  w  hole  by  a  redu<  t  ion  of  rat  io 
t  |  We  hojie  that  this  inadequate  exjilanation  here  to  be  amplified  in  later  sections 
will  not  hinder  the  readability  of  this  |ia{»T  i  Of  course,  a  complete  description  of 
fractal  sets  demands  a  speciticat  ion  of  other  quantities  such  as  lacunarity  i  Mandelbrot 
1982)  *  which,  loosely  sjieaking  is  a  measure  of  how  far  the  fractal  object  is  from 
fteing  dust  like  -  or  the  entire  spectrum  of  scaling  functions  (Halsey  W  at  IftHfil  only 
one  of  which  is  the  fractal  dimension  t  Even  more  appropriately,  one  may  use  scaling 
functions  of  the  type  introduced  by  Eeigenbaum  1983.  these  scaling  functions 
contain  all  the  geometric  information  about  the  object  in  question,  but  they  are 
now  here  differentiable  and  are  awkward  to  handle  -  even  assuming  that  they  can  be 
constructed  somehow  )  Our  primary  effort  in  this  jiajier  will  fie  confined  to  the 
determination  of  the  fractal  dimensions  (if  they  exist )  of  the  turbulent  /non  turbulent 
interface  (§2).  iso  velocity  surfaces  (§3).  and  regions  of  active  dissipation  (t>4)  in  $0. 
we  briefly  discuss  several  other  avenues,  studied  to  date  in  less  detail  than  the  issues 
of  the  preceeding  three  sections.  In  each  section,  we  lay  sufficient  foundation  for  the 
sjieeitic  issues  to  fie  discussed  then1.  Section  t>  will  put  these  various  measurements 
in  the  overall  context  of  what  additional  insight  one  may  acquire  about  turbulent 
flows. 

2.  Fractal  dimension  of  the  turbulent  non-turbulent  interface 

2.1.  Background 

Observations  (Corrsin  &  Kistler  1954)  suggest  that  in  high-Revnolds-number  un 
bounded  turbulent  shear  flows  a  sharp  front  or  interface  demarcates  the  turbulent  and 
non  turbulent  regions  (see  figure  I).  The  free  edge  of  a  boundary  layer  shows  much 
the  same  behaviour.  Townsend  (I95ff)  suggested  that  large  eddies  of  turbulence 
contort  the  interface,  but  a  visual  or  spectral  study  of  the  interface  suggests  that 
contortions  over  a  range  of  scales  occur.  In  the  framework  of  scale  similarity  alluded 
to  above,  this  leads  to  the  natural  expectation  that  the  interface  is  a  fractal  surface 
The  aim  in  this  section  is  to  determine  the  fractal  dimension  (if  one  exists)  of  the 
turbulent/non-turbulent  interface  in  several  classical  shear  flows. 

It  is  generally  understood  that  turbulent/non-turbulent  interface  means  the 
surface  separating  the  vortical  and  non- vortical  regions  of  the  flow:  the  vortex 
stretching  mechanism  inherent  in  three  dimensional  motion  can  be  thought  of  as 
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Kiiii  RE  1  A  short  duration  shadowgraph  of  the  wake  of  a  projectile  'hot  through  the  atmosphere 
at  supersonic  speed  This  classic  photograph  made  at  the  Ballistic  Research  Laboratories  Aberdeen 
Proving  ( iround  hrst  appeared  in  <  orrsm  A  Ki'tler  illl.Vti  and  has  since  been  reproduced  main 
times  The  remarkable  sharp  boundary  between  the  turbulent  region  in  the  wake  anil  the  outside 
air  has  led  to  the  notion  of  a  contiguous  interface  whose  properties  were  explored  by  t  orrsm  & 
Kistler  and  several  others  later 


being  responsible  for  maintaining  a  sharp  separation  between  the  two  regions.  That 
such  a  surface  can  be  defined  was  demonstrated  by  ( 'orrsm  4  Kistler  [  1934).  w  ho  also 
studied  its  properties  in  some  detail.  It  is  by  no  means  obvious  that  the  interface 
observed  in  How  visualization  pictures  such  as  figure  1  and  the  vortical/non -vortical 
interface  are  the  same.  We  shall  return  to  this  point  later  but.  until  required,  we  shall 
not  be  specific  about  which  interface  we  art*  discussing. 

The  prescription  for  determining  the  fractal  dimension  of  the  interface  (surface) 
is  to  cover  it  w  ith  area  elements  of  decreasing  size,  and  note  how  the  area  changes 
w  ith  the  resolution  e  of  these  square  elements.  For  a  surface  that  is  highly  contorted 
w  ith  squiggles  of  ever-increasing  fineness,  the  measured  area  estimates  will  increase 
indefinitely  with  increasing  resolution.  If  the  surface  has  no  regularity  associated  with 
it.  one  cannot  in  general  specify  the  manner  in  which  the  area  will  increase  with 
increased  resolution.  However,  if  some  order  prevails  in  the  sense  that  the  surface 
observes  scale  similarity  -  that  is.  the  surface  looks  the  same  (at  least  statistically) 
at  all  levels  of  resolution,  or.  equivalently,  it  is  a  self-similar  fractal  -  the  area  increase 
will  follow  a  power  law;  in  general,  power  laws  are  symptomatic  of  self-similar  or 
fractal  behaviour.  For  a  true  fractal  surface  of  dimension  l)3  (the  suffix  3  indicating 
that  the  interface  is  embedded  in  a  three-dimensional  physical  space)  the  area  will 
indefinitely  increase  according  to  the  relation 

.V  =  f.°c  (2.1) 


( )ne  can  rewrite  (2.1 )  as 
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Kn.i  rk  2  A  schematic  of  an  object  F  with  a  fractal  interface  and  its  intersections  with  a  plane 
and  a  line  The  intersection  with  the  plane  leads  to  an  object  whose  border  has  a  dimension  IK. 

•  me  less  than  the  dimension  of  F  embedded  in  the  three-dimensional  space  The  dimension  of 
the  line  intersection  leads  to  a  Cantor  set  whose  fractal  dimension  D,  is  2  less  than  ft, 


This  is  the  standard  relation  used  'n  fractal-dimension  calculations.  The  meaning  of 
the  dimension  becomes  clearer  if  we  Apply  this  above  procedure  to  classical  surfaces, 
say  a  square  of  unit  area.  Let  us  cover  the  square  with  16  area  elements  each  of  which 
is  of  length  J.  Then  D,  will  be  log  16/log  }  =  2.  which  is  the  dimension  of  the  area 
of  surface  in  Euclidian  geometry.  It  is  trivia!  to  convince  oneself  that  covering  the 
square  with  increasingly  finer  area  elements  will  always  give  D3  =  2  for  the  square 
From  this  simple  example  and  other  similar  ones,  one  concludes  that  for  classical 
surfaces  the  dimension  calculated  from  (2.2)  has  the  usual  meaning  associated  with 
the  dimension.  For  fractals,  the  dimension  as  calculated  from  (2.2)  will  in  general 
not  be  an  integer  -  and  hence  the  name  fractal  -  but  it  retains  the  meaning  as  the 
exponent  specifying  the  rate  at  which  the  number  N  of  area  elements  increases  with 
t.  As  already  noted,  a  characteristic  of  a  fractal  surface  is  that  its  fractal  dimension 
will  be  larger  than  its  Euclidian  dimension  of  2.  What  this  implies  is  that  a  fractal 
surface  covers  something  between  an  area  and  a  volume,  a  fact  for  which  the  large 
degree  of  convolutedness  of  the  surface  is  responsible. 

What  use  is  the  fractal  dimension  of  a  fractal  surface  since  its  surface  area  is 
undefined  '  From  (2.1 )  it  is  seen  that,  given  the  accuracy  (or  the  resolution)  to  which 
the  aiea  needs  to  be  specified,  the  dimension  D3  will  provide  the  number  of  the  area 
elements  of  prescribed  resolution  required  to  cover  the  fractal  surface.  This  goes  some 
way  in  describing  the  fractal  surface.  A  complete  specification  of  the  fractal  surface 
no  doubt  requires  additional  information,  such  as  the  location  and  the  orientation 
of  these  little  area  elements,  but  the  dimension  is  the  basic  quantity  related  to  the 
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convolutedness  of  the  surface.  A  measure  of  the  convolutedness  of  a  surface  is  of 
importance,  for  example,  in  the  contexts  of  combustion. 

2.2.  Dimension  from  sections  with  lower-dimensional  subs  paces 

To  measure  the  fractal  dimension  of  a  surface  by  the  direct  procedure  described  above 
is  difficult,  and  so  we  adopt  alternative  procedures  based  on  sections  with  lower- 
dimensional  subspaces  (Mandelbrot  19*2).  To  explain  this,  it  is  convenient  to  refer 
to  figure  2.  Let  F  be  an  object  (eg.  a  turbulent  jet)  in  three-dimensional  space  with 
a  fractal  interface  of  dimension  l)v  Let  /*  be  a  plane  intersecting  the  object  In 
analogy  with  our  experience  in  Euclidean  geoinetrv.  we  may  expect  that  the  fractal 
dimension  D,  of  the  boundary  of  the  resulting  object  /* 0  F  and  the  dimension  /», 
are  related  by 

/>,  =  /L  +  i  (2  :t i 

Similarly  an  iiltersection  of  the  object  F  with  a  line  element  gives  a  set  of  isolated 
points  -  akin  to  the  Cantor  discontinuum  -  whose  dimension  l)x  can  be  measured 
Again,  in  analogy  with  classical  objects,  we  expect  that 

/>,  =  />,  +  2.  (2.4) 

Although  there  are  exceptions  to  this  rule  (.Mandelbrot  19*2.  p.  135).  it  is  known  to 
hold  if  the  sections  taken  are  independent  of  the  fractal  itself  Equivalently  the 
orientation  of  the  intersecting  plane  or  line  will  be  irrelevant  if  the  fractal  is  isotropic. 
More  discussion  and  a  brief  circumstantial  justification  of  this  point  will  appear  in 
^2  :1  and  2.4. 

It  is  appropriate  to  mention  here  that  the  interface  cannot  be  a  true  fractal  because 
the  scale  similarity  at  all  scales,  leading  to  one  fixed  value  of  Dv  does  not  strictly 
obtain.  Clearly,  it  will  he  truncated  on  the  low  end  by  the  Kolmogorov  scale;  that 
is.  if  one  measures  the  area  of  the  interface  with  resolutions  better  than  the 
Kolmogorov  scale,  it  behaves  like  a  classical  surface  of  finite  area  (because  surface 
convolutions  on  even  finer  scales  do  not  ex'st ).  On  the  upper  end.  it  can  be  expected 
to  be  bounded  by  scales  comparable  w  ith  or  smaller  than  the  large  scale  of  the  flow 
Thus,  the  interface  can  be  expected  to  be  fractal-like  only  in  an  intermediate  range 
of  scalest.  This  is  not  a  highly  restrictive  situation  because,  in  all  practical 
circumstances,  there  are  inevitable  scale  cutoffs,  and  any  meaningful  application  of 
the  fractal  concept  to  real  circumstances  will  have  to  live  with  this  fact.  At  large  How 
Reynolds  numbers,  the  range  of  scales  over  which  similarity  can  be  expected  to  hold 
is  large;  and.  naturally,  it  is  easier  to  identify  the  fractal-like  behaviour.  As  will  be 
described  more  fully  at  appropriate  places,  instrumentation  constraints  restricted  our 
experiments  to  moderate  Reynolds  numbers  (the  integral  to  Kolmogorov  scale  ratio 
no  more  than  a  few  hundreds).  Even  so.  the  results  are  sufficiently  convincing  to 
justify  their  publication:  besides  making  the  important  connection  between  fractals 
and  fluid  flows,  they  shed  new  light  on  some  classical  problems  of  turbulence. 

2.3.  Dimension  by  intersection  icith  a  plane 

The  practical  way  of  obtaining  two-dimensional  sections  or  slices  would  be  to  seed 
the  flow  with  some  passive  markers  (e  g  smoke),  illuminate  a  section  of  the  flow  by 
a  thin  sheet  of  light,  and  photograph  the  section  for  later  analysis,  namely  measuring 

+  ll  is  worth  (Hunting  out  that  while  the  large  scale  is  set  by  the  How  boundary  conditions  and 
the  small  scale  by  the  viscosity  of  the  Hind  the  equations  of  motion  themselves  do  not  set  a1' .  new 
scales  which  is  what  renders  the  scaling  expectations  plausible 
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Kiocre  :t  A  smoke  photograph  of  a  nirlmlent  hounilarx  layer  developing  on  a  Ha t  plate  The 
momentum  thickness  Revnoltls  mint  her  i'  around  '2<hki  The  thickness  of  the  intersect  i  nu  tight  sheet 
is  of  the  order  of  the  Kolmogorov  thickness 

the  dimension  of  the  bonier'  between  the  turbulent  and  non-turbulent  regions 
Although  the  intersecting  |)lane  must  in  principle  he  mathematically  thin,  it  may  in 
practice  be  of  finite  thickness  without  violating  this  principle,  provided  the  thickness 
is  smaller  than  or  comparable  with  the  Kolmogorov  lengthseale  //.  The  rationale  for 
this  assertion  is  that  the  fuzzing  due  to  the  finite  thickness  of  the  plane  is  negligible 
because  the  Kolmogorov  thickness  represents  the  smallest  scale  of  motion  relevant 
to  turbulence  dynamics. 

We  have  already  alluded  to  the  fact  that  smoke  pictures  (or  pictures  obtained  by 
any  other  means  of  flow  visualization)  do  not  mark  vortieity  regions  (which  they 
should,  to  be  truthful  to  the  interface)  for  the  following  two  reasons,  both  related 
to  the  diffusivity  of  the  passive  marker  If  we  remember  that  smoke  is  c  omposed  of 
aerosols  (  =  oil  fog)  whose  diffusivity  is  small  compared  with  the  molecular  viscosity 
the  relatively  large  value  of  the  effective  Schmidt  number  will  create  a  disparity 
between  the  smallest  dynamical  scale  (i.e.  y)  and  the  smallest  scale  visible  in  the  flow. 
This  is  not  too  worrisome  as  long  as  the  tatter  is  smaller  than  the  former.  The  second, 
and  more  important,  point  is  that  to  mark  the  interface  satisfactorily,  one  has  to  put 
smoke  exactly  where  vortieity  is  being  generated,  which  is  strictly  impossible 
Obviously,  if  one  puts  smoke  very  far  upstream  of  the  observation  point,  the  pattern 
one  sees  is  in  general  a  remnant  of  the  integrated  memory  that  a  given  streakline 
experiences,  and  not  necessarily  a  reflection  of  the  local  dynamics  and  geometry 
Because  turbulence  diffuses  smoke  rather  rapidly,  there  is  some  hope,  however,  that 
it  will  roughly  mark  the  interface  if  carefully  injected  in  the  fully  turbulent  region 
reasonably  close  to  the  region  of  visualization,  but  not  so  close  that  it  does  not  have 
time  to  diffuse. 

Even  if  one  grants  the  plausibility  of  this  last  statement,  even  roughly  marking  the 
interface  by  smoke  is  admittedly  a  trial-and-error  procedure  in  practice.  The  issue 
is  worth  exploring  in  detail  -  which  we  have  not  done  -  but  there  arc  reasons  of 
precedence  which  are  somewhat  reassuring.  For  example,  the  statistics  of  the 
interface  obtained  by  marking  it  with  hydrogen  bubbles  (Kim.  Kline  &  Reynolds 
1971)  and  by  heat  (Sunyach  &  Mathieu  1969)  agree  favourably  w  ith  those  obtained 
by  momentum  and  other  means:  we  ourselves  have  recorded  elsewhere  (Sreenivasan. 
Antonia  &  Britz  1979)  some  simultaneously  obtained  traces  of  two  components  of 
fluctuating  velocity.  Reynolds  shear  stress  and  the  temperature  fluctuation  in  a 
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Fkji're  4  A  section  of  an  axisvmmetric  jet  made  visible  by  laser-induced  fluorescence,  from 
Dimotaki*  et  at  (I9SI).  Scales  down  to  the  Kolmogorov  limit  have  been  resolved  in  this  picture 


slightly  heated  jet,  which  confirm  that  passive  scalars  are  useful  for  marking  the 
interface.  The  final  point  must  no  doubt  be  that,  although  our  procedure  is  believed 
to  mark  the  interface  roughly  it  is  the  smoke/no-smoke  interface  that  we  are  strictly 
studying. 

Another  concern  is  that  a  streamwise  section  is  somehow  preferential,  thus  biasing 
the  results.  To  test  this,  one  ought  to  take  plane  sections  of  the  interface  at  several 
orientations  and  demonstrate  the  invariance  of  the  results.  For  the  anisotropic  flow  s 
of  the  sort  studied  here,  it  is  possible  that  the  scale-invariance  concept  must  be 
thought  through  more  thoroughly,  and  that  one  may  come  up  with  more  than  one 
fractal  dimension  depending  on  which  planar  section  one  is  measuring.  Our  work  in 
this  direction  is  continuing,  but  our  argument  is  that  the  present  results  are 
representative. 

Figure  3  shows  a  section  of  a  boundary  layer  made  visible  by  injecting  smoke.  This 
figure  appears  to  suggest  that  there  is  no  contiguous  interface,  and  that  there  are 
islands  of  non-turbulent  regions  surrounded  by  turbulent  ones,  just  as  there  are 
isolated  pockets  of  turbulence  sticking  out.  The  reason  that  photographs  like  figure  1 
do  not  show  this  feature  is  that  they  have  been  obtained  by  optical  means  which 
integrate  along  the  path  of  light.  Obviously,  this  will  smooth  out  the  inter  or  '  holes', 
and  what  one  sees  as  a  contiguous  interface  is  the  horizon  of  a  large  number  of  images 


364 


K.  R.  Sreenivamn  and  < '  Slener mu 


Florae  o.  A  schematic  of  a  part  of  a  digitized  image  The  dark  dots  represent  the  points  with 
intensity  above  threshold  (turbulent  regions,  by  definition  here),  the  light  ones  representing 
non-turbulent  regions.  We  want  to  measure  the  fractal  dimension  of  the  border  between  the  two 
regions.  The  little  circles  of  radius  e  draw  n  around  a  dark  and  a  light  dot  in  the  upper  right  corner 
are  two  examples  of  boundary  points  within  the  distance  e 

superposed  on  each  other.  Dimotakis.  Lyedk  Fapantoniou  (1981)  pointed  out  this  tact 
first,  and  produced  several  fascinating  pictures  of  a  turbulent  jet.  one  of  which  is 
reproduced  here  as  figure  4.  (No  analysis  was  attempted  by  us  on  the  pictures 
obtained  by  these  authors.)  Plane  sections  by  themselves  cannot  deny  the  existence 
of  out-of-plane  connections  of  what  appear  as  islands  or  holes,  and  we  should 
emphasize  that  to  prove  the  non-contiguity  of  the  interface  one  has  to  produce  at 
the  very  least  simultaneous  pairs  of  pictures  in  perpendicular  planes.  In  the  absence 
of  such  work,  the  point  is  made  here  for  the  sole  purpose  of  indicating  that,  if  the 
interface  is  indeed  non-eontiguous.  the  fractal  dimension  one  obtains  will  not  lose 
its  meaning  but  w  ill  have  to  be  interpreted  as  a  measure  of  both  its  roughness '  and 
fragmentation  ',  and  not  merely  of  the  former,  as  would  be  the  case  for  a  contiguous 
interface. 

We  may  now  discuss  several  ways  in  which  the  fractal  dimension  D2  of  the  border 
can  be  measured.  The  length  of  the  border,  in  analogy  with  the  coastline  of  an  island 
cluster,  increases  with  increasing  resolution  according  to  the  relation 

L  =  K  el~D>,  (2.5) 

where  e  is  the  lengthscale  relating  to  the  fineness  of  resolution,  and  K  is  a  constant 
related  to  the  lacunarity  of  the  fractal  set.  This  direct  method  has  so  far  eluded  us 
chiefly  because  of  the  algorithmic  complexity  in  faithfully  following  the  highly 
contorted,  multivalued  and  disconnected  interface  (see  figures  3  and  4).  and  alter¬ 
natives  seem  called  for.  We  have  adopted  a  simple  alternative  spelt  out  in  Mandelbrot 
(1982)  and  Grebogi  et  al.  (1985).  but  summarized  here  with  the  anticipation  that  they 
may  be  unfamiliar  to  a  number  of  the  Journal's  readers. 

Considering  both  regions  (turbulent  and  non-turbulent)  that  are  within  a  distance 
f.  from  the  border,  one  can  form  a  strip  of  width  2e  about  the  border,  which  will  have 
an  area  of  2eL,  where  L  is  the  length  of  the  border.  This  area  clearly  goes  like  e2~D>. 
from  (2.5).  One  measures  this  area  for  varying  e.  and  obtains  D2  from  the  slope  of 
a  log-log  plot.  The  implementation  of  this  idea  involves  the  following  procedure.  One 
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Ficckk  0.  The  luttarithm  (to  base  10)  of  the  number  of  boundary  points  .Y„  (see  Hgure  ol  as  a  function 
of  the  distance  t  from  the  boundary.  The  How  is  a  heavily  tripped  boundary  layer,  thickness  about 
10  cm.  I ",  =  2.5  m  s'1.  The  Kolmogorov  and  the  integral  scales  are  shown  for  reference.  The  inset 
showing  the  slope  gives  /),  *  2  - mean  slope  =  1 .37  A),  is  thus  expected  to  be  2.37 

digitizes  the  image  of  the  How  obtained  as  described  previously,  and  obtains  an 
assignment  of  light  intensity  at  each  of  the  digitized  points.  One  then  sets  a  judicious 
threshold  for  the  light  intensity  which  demarcates  the  turbulent  (above-threshold) 
from  the  non-turbulent  (below -threshold)  regions.  (Naturally,  one  has  to  ascertain 
that  the  precise  value  of  the  threshold  is  not  important  for  the  results  to  follow,  and 
evidence  to  this  end  will  be  presented  at  the  appropriate  place.)  One  then  obtains 
a  digitized  image,  schematically  shown  in  figure  5.  where  each  dark  dot  is  a  digitized 
image  point  in  the  turbulent  region  and  each  light  dot  in  the  non-turbulent.  It  is  the 
dimension  of  the  border  between  the  two  regions  that  we  want  to  measure.  The 
conceptual  equivalent  of  the  data  processing  on  the  computer  is  the  following.  Draw 
around  each  of  these  digitized  points  (dark  as  well  as  light)  circles  of  radius  e. 
Whenever  a  circle  drawn  around  a  point  crosses  the  border,  obtained  by  interpolation 
between  the  neighbouring  light  and  dark  dots,  the  point  is  counted  as  a  border  point 
within  a  distance  e  from  the  border.  Count  the  number  of  all  border  points  A’„(e)  within 
the  distance  c.  from  the  border.  Repeat  the  process  for  varying  e,  and  determine  the 
variation  of  A'b(e)  with  respect  to  e.  From  the  earlier  discussion  in  the  paragraph, 
we  have 

A’b(e)  oc  (2.6) 

For  future  reference,  we  may  note  that  the  quantity  2  — Z)2  (or  in  general  d—Dd, 
where  Dd  is  the  fractal  dimension  of  the  object's  interface  in  the  embedding  space 
of  dimension  d)  is  called  the  codimension.  In  most  well-behaved  (i.e.  integrable  or 
non-chaotie)  systems,  a  small  amount  of  uncertainty  e  in  the  initial  state  will  translate 
to  a  comparable  final-state  uncertainty.  For  fractal  objects,  the  final-state 
uncertainty  is  large  and  proportional  to  eD‘\  where  Dc  is  the  codimension  (Grebogi 
et  al.  1985).  The  eodimension  appears  again  in  §4. 

Figure  6  shows  a  plot  of  log  A’h(€)  r.i.  log  e  obtained  from  the  digitized  image  of  the 


366 


K.  R.  Sreenivamn  and  (' .  Meneveau 


0 

-0.2 


-04 
log  .V„(e) 

-0.6 

-0.8 

-  I 

-1.2 

0  0.2  0.4  0.6  0.8  I  1.2  1.4 

log  £ 

Kigi  re  7.  The  effect  of  threshold  setting  on  the  eodimension.  The  threshold  (in  the  notation  of 
the  text)  varies  by  a  factor  of  1.5  with  no  perceptible  change  in  the  slope.  In  the  units  described 
in  the  text,  the  thresholds  are  (from  top  to  bottom)  30<X>.  3500  and  4000. 

type  shown  in  figure  3 :  the  inset  shows  the  slope  of  the  curve.  Clearly,  there  is  a  region 
of  constant  slope  as  expected  for  a  fractal  interface.  Several  comments  must  be  made 
before  interpret  ing  the  result.  First,  the  low  end  of  the  constant -slope  region  is 
comparable  with  the  Kolmogorov  scalet.  The  high  cutoff  seems  to  occur  around  */. 
where  (  is  the  transverse  integral  scale  of  turbulence  in  the  boundary  layer.  (This 
integral  scale  was  obtained  from  two-point  correlation  measurements  with  the  fixed 
probe  at  y/S  —  0.4  and  the  other  probe  moving  outwards.)  The  obvious  conclusion 
that  the  scale  similarity  extends  only  up  to  on  the  high  end  is  not  correct  because 
as  we  shall  soon  show,  the  high  cutoff  occurs  prematurely  because  of  the  limitations 
of  the  image  processing  procedure.  To  obtain  reliable  statistics  on  the  high  end.  one 
has  to  include  many  large  scales  in  the  digitized  image,  which  is  usually  hard 
(especially  if  the  fine  resolution  requirements  are  to  be  satisfied  also)  because  of  the 
finite  capacity  of  the  image  digitizer.  We  have  not  been  able  to  do  that,  w  hich  means 
that  the  apparent  termination  of  scale  similarity  at  is  artificial.  This  shortcoming 
is  overcome  in  the  line-intersection  method  of  §2.4. 

The  second  comment  relates  to  the  effect  of  the  threshold  setting  on  the  slope  in 
figure  6.  At  least  within  the  threshold  range  of  3000—4000  for  the  light  intensity  (the 
units  being  such  that  12000  indicates  the  brightest  spot  in  the  picture  and  0  the 
darkest),  the  power  of  e  in  (2.7)  is  essentially  constant  (figure  7);  the  threshold  of 
figure  7  is  about  +  15%  of  that  used  in  the  boundary-layer  work.  The  third  relevant 

+  There  is  some  concern  that  to  detect  similarity  on  scales  of  the  order  of  7.  the  resolution  of 
the  digitized  image  must  be  substantially  smaller  (at  least  by  a  factor  2)  Figure  tt  shows  that  this 
factor  is  about  1.5  for  present  measurements.  We  may  remark  that  estimating  7  to  an  accuracy 
better  than  a  factor  2  is  beset  with  many  uncertainties ;  among  other  things,  it  depends  on  the  precise 
location  in  the  flow  the  assumptions  made  in  obtaining  the  energy  dissipation,  the  probe  size  etc 
The  number  quoted  in  figure  6  is  thus  a  representative  value. 


Fractal  facets  of  turbulence 


/Square)  s' 

/  ! _ i _  !  /  : 


'  /  j  / Quadric 

/  i  /  Koch  curve : 
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square  Their  respective  dimensions  are  in  good  agreement  with  the  theory 
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Floras  9.  The  logarithm  (to  base  10)  of  the  number  of  boundary  points  .Vb  (see  figure  5)  as  a  function 
of  the  distance  «  from  the  boundary  The  flow  is  a  round  water  jet  seeded  with  polystyrene  spheres 
•Jet  exit  Reynolds  number  is  about  2500.  diameter  D  =  5  mm ;  i/ D  =  30  The  inset  shows  that  the 
slope  of  the  line  is  0.87  ±  15  °0. 
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comment  concerns  the  calibration'  experiments  on  some  well-known  fractals  (e.g, 
a  quadric  Koch  island.  Mandelbrot  1982.  p.  50)  and  regular  objects  (such  as  a  black 
square).  As  shown  in  figure  8.  it  is  clear  that  the  codimension  (mean  slope  of  the 
curves)  is  0.5  for  the  Koch  island  (i.e.  D,  =-  15.  the  theoretical  value),  and  1  for  the 
square  (  D,  =  1 ) 

Futtinu  all  this  together,  we  conclude  from  figure  6  that  scale  similarity  extends 
from  i/  up  to  a  fraction  of/  (the  precise  value  to  be  determined  shortly),  and  that 
we  have  l),  =  2-slope  =  1.38  (for  the  border),  leading  to  the  conclusion  that 
//,  =  2.38  (for  the  interface  surface). 

Figure  9  shows  similar  data  for  an  axisymmetric  jet  of  water  Mowing  vertically 
down  into  a  large  tank  of  still  water.  The  jet  was  seeded  with  polvstvrene  micro¬ 
spheres:  both  seeding  and  gravity  effects  were  considered  negligible  A  part  of  the  jet 
in  the  developed  region  (in  the  vicinity  of  x/  D  =  30)  was  intersected  by  a  thin  sheet 
of  light,  photographed  and  digitized  as  before.  Again,  scale  similarity  extends  all  the 
way  from  7  to  a  fraction  of/,  for  reasons  already  mentioned,  we  think  little  of  the 
fact  that  the  high  cutoff  occurs  at  y  (instead  of  J/  in  the  boundary  layer)  or  that 
the  slope  is  slightly  different  from  the  boundary-layer  case.  This  latter  is  well  within 
the  scatter  of  the  data  (about  w  hich  more  w  ill  be  said  in  §2.4). 

In  determining  the  dimension,  we  have  chosen  to  digitize  certain  regions  of  the 
cross-section  that  are  neither  too  close  to  wall  (or  jet  axis)  nor  too  far  away  from  it. 

Both  for  the  jet  and  the  boundary  layer,  the  digitized  image  spans  (approximately) 

0.6  <  y  <  0.1,  where  y  is  the  intermittency  factor  representing  the  fraction  of  time 
the  How  is  turbulent  at  a  given  point  in  the  flow.  YVe  empirically  found  the  region 
just  mentioned  to  be  optimum  given  the  image-processor  constraints. 

2.4.  Dimension  by  line  intersection 

As  discussed  earlier,  the  dimension  of  the  set  resulting  from  line  intersection  of  the 
interface  (yielding  simply  a  truncated'  Cantor  set  of  dimension  less  than  1)  is 
expected  to  be  two  less  than  that  of  the  interface.  D3.  In  practice,  we  have  interpreted 
that  this  statement  holds  true  for  the  one-dimensional  cut  obtained  by  intersecting 
a  moving  interface  with  a  small  (i.e.  7  or  smaller)  stationary  hot-wire  probe.  This 
assumes  the  validity  of  Taylor's  frozen-flow  hypothesis,  which  we  know  is  not  strictly 
true,  but  much  can  be  learnt  in  spite  of  this  shortcoming. 

As  is  standard  in  the  turbulence  literature,  we  formed  the  intermittency  function 
from  the  measured  velocity  signal  by  setting  a  convenient  threshold  and  a  hold  time 
The  reasonableness  of  the  threshold  as  well  as  the  hold  time  was  ascertained  by  a 
comparison  of  the  resulting  intermittency  function  with  the  original  signal.  The  set 
of  intersection  points  between  a  horizontal  line  and  the  intermittency  function  results 
in  a  truncated’  Cantor  set  whose  dimension  Dl  we  want  to  measure.  To  obtain  £>,. 
the  so-called  box-counting  algorithm,  which  is  merely  the  application  of  (2.2)  for  line 
elements,  has  been  employed .  It  makes  direct  use  of  the  definition  of  fractal  dimension 

by  counting  the  number  of  the  line  segments  of  length  e  required  to  cover  the  set  j 

for  several  values  of  e.  1 

Figure  10  shows  a  typical  set  of  data  for  A’e  vs.  e  for  the  boundary-layer  flow  It  j 

is  seen  that  there  is  a  sizeable  region  of  constant  slope,  giving  in  this  instance  * 

Dx  =  0.4;  we  infer  that  D,  =  1.4  and  D3  =  2.4.  It  should  be  noted  that  Dx  inferred  * 

from  one -dimensional  cuts  is  approximately  one  less  than  Dt  inferred  from  inter-  < 

sections  with  planes,  thus  providing  some  circumstantial  justification  for  the  method  j 

of  sections  with  lower-dimensional  subspaces  discussed  in  §2.2.  Note  also  that  the  ' 

region  of  self-similarity  does  not  extend  all  the  way  down  to  7  as  in  the  two-  , 
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ilimensionul  slice  method  of  §2. 1 .  and  even  scales  up  to  30)/  do  not  fall  on  the  straight 
part  Part  of  the  reason  is  clearly  the  problem  related  to  Taylor's  hypothesis  and  the 
size  of  the  hot  wire,  which  is  several  7  long  (approximately  10)/  in  this  ease)  both  of 
which  will  bias  the  results  at  small  scales.  A  more  basic  problem  is  related  to  the 
inappropriateness  of  using  the  streamwise  velocity  for  constructing  the  intermitteney 
function.  <  >ne  should  ideally  use  a  vorticity  probe  (which  gives  a  much  clearer  on-off 
signal),  or  a  passive  scalar  that  is  uninfluenced  by  the  long-range  effects  of  the 
turbulent  pressure  field.  However,  the  outer  cutoff  does  not  occur  until  f  or  beyond 
Combining  this  result  with  the  inner  cut-off  of  the  previous  subsection,  we  might 
conclude  that  scale  similarity  extends  between  7  and  .V.  (The  outer  cutoff  is  thus 
approximately  the  streamwise  integral  scale,  which  is  of  the  order  of  the  houndary- 
layer  thickness.) 

It  is  now  helpful  to  examine  the  sensitivity  of  the  dimension  results  with  respect 
to  position  in  the  intermittent  region  where  the  one-dimensional  slice  was  obtained. 
The  inset  in  figure  10  shows  the  data  as  a  function  of  the  probe  height  in  the 
intermittent  region  of  the  boundary  layer.  Because  the  interface  is  rarely  found  deep 
in  the  How.  not  surprisingly,  we  cannot  compute  the  dimensions  fur  y  <  0..)  rf 
(corresponding  to  a  y  of  almost  unity).  In  fact,  calculations  become  uncertain  for 
//  <  0.7  S  (or.  roughly,  y  >  0.6).  say.  and  hence  we  have  not  presented  any  results 
there.  The  variability  of  £>,  is  about  10°o  in  the  region  0.75  <  y/S  <  1.0  where  the 
measurements  are  trustworthy:  further,  it  is  approximately  in  this  region  that  the 
two-dimensional  slices  were  taken.  Clearly,  then,  this  latter  method  may  be  expected 
to  represent  an  average  of  values  obtained  from  one-dimensional  slicing:  it  is 
somewhat  reassuring  that  this  is  indeed  the  ease.  We  conclude  that  one-dimensional 
cuts  offer  a  reasonably  valuable  tool.  The  main  contribution  of  this  method  has  been 
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t«  n-chmensional  one  dimensional 

Flow  slicing  dicing 

Boundary  layer  2  :|H  2  -Kit 

Axisvmmetric  jet  2 .13  2  32  + 

Plane  wake  -  2  37* 

Mixing  layer  —  2  +0* 

+  Typical  average  over  a  range  of  the  outer  How 
t  Single  value  at  some  typical  location  in  the  outer  region 

Table  I  Summary  of  the  fractal  dimensions  of  the  turhulent/non  turbulent  interface  in 
several  classical  turbulent  Hows 

to  show  that  scale  similarity  extends  all  the  way  up  to  about  the  integral  scales  of 
motion.  Recalling  that  the  larger  eddies,  which  are  highly  dependent  on  the  boundary 
conditions  for  the  How.  are  a  few  integral  scales  long,  we  infer  that  the  scale  similarity 
does  not  include  the  biggest  scales  in  the  flow.  Our  conclusions  about  the  interface 
are  summarized  in  table  1. 

From  here,  the  interface  dimension  of  about  2. 3-2. 4  is  seen  to  be  essentially 
independent  of  the  type  of  flow.  What  this  means  is  that  one  cannot  conveniently 
assign  a  distinct  fractal  dimension  to  each  of  the  different  classes  of  flows.  We  reiterate 
that  this  is  not  surprising  because  scale  similarity  does  not  encompass  the  largest 
scales,  which  are  the  ones  that  depend  strongly  on  the  geometric  aspects  of  the  flow. 

To  the  extent  that  in  both  methods  we  have  examined  the  interface  approximately 
in  the  region  0.6  <  y  <  0.1.  we  are  not  completely  justified  in  talking  about  the 
dimension  of  the  interface  as  a  whole,  although  we  expect  that  what  is  true  of  the 
part  is  true  of  the  whole.  We  have  already  commented  on  the  constraints  in  the  plane- 
intersection  method.  One  runs  into  two  problems  in  the  line-intersection  method. 
Outside  the  region  we  have  covered,  the  infrequent  appearance  of  the  interface  there 
would  demand  the  inclusion  of  data  for  long  intervals  of  time  in  order  to  obtain 
reliable  statistics,  and  this  violates  Taylor's  frozen-flow  hypothesis.  This  is  relatively 
easy  to  overcome,  at  least  in  principle,  by  resorting  (for  example)  to  intersection  by 
a  suitable  laser  beam  of  a  fluorescing  flow.  Although  this  should  be  attempted  soon, 
we  have  not  done  it  immediately  because  waiting  for  enormously  long  times  results 
in  a  randomization  of  results  that  will  obscure  the  fractal  nature;  this  point  is  best 
deferred  to  §3  where  it  is  more  fully  discussed. 

Finally,  it  may  be  worth  remarking  that  Maxworthy  (1986)  finds  Dt  =  1.37  for  the 
interface  of  the  flattened  bubbles  of  air  injected  into  a  viscous  fluid  contained  in  a 
Hele-Shaw  experiment. 

2.5.  Fractal  dimension  of  clouds:  a  brief  comparative  study 

Lovejoy  (1982)  obtained  the  fractal  dimension  of  clouds  using  the  so-called  area- 
perimeter  rule  (Mandelbrot  1982,  p.  112).  For  classical  objects,  the  perimeter  Pand 
the  area  A  are  related  through  P  x.  Af  For  an  object  with  a  fractal  boundary  of 
dimension  Dip,  the  relation  is  modified  to  P  x  A(i)D»f>.  Thus,  if  one  has  different  sizes 
of  statistically  similar  fractal  objects,  this  area-perimeter  rule  (both  P  and  .4 
evaluated  to  the  same  resolution)  can  be  used  to  determine  Dip.  Lovejoy  used 
digitized  images  of  satellite  and  rain-pattern  pictures  of  clouds  with  sizes  varying 
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between  l  km  and  UMK)  km.  and  obtained  the  fractal  dimension  of  about  1  34  It  is 
the  coincidence  of  this  number  with  that  obtained  by  us  for  [),  in  laboratory  turbulent 
flows  that  calls  for  specific  comment.  Recall  that  we  took  a  slice  of  the  flow  to  obtain 
IK.  whereas  Lovejoy  was  looking  at  the  boundary  of  the  projection  of  a  cloud  onto 
a  horizontal  plane  The  key  question  then  is  the  difference  between  the  two 
techniques.  We  know  of  no  rigorous  analysis  of  this  point  However,  a  projection  can 
be  thought  of  as  superposition  of  a  large  number  of  sections,  each  section  being 
separated  from  the  other  by  distances  of  the  order  r\. 

lining  back  to  figures  3  and  4  we  may  qualitatively  perceive  the  effect  of 
superposition  of  several  sections.  One  effect  is  obviously  to  reduce  the  interior 
fragmentation  (leading  to  a  reduced  fractal  dimension),  but  the  other  effect  is  to 
increase  the  boundary  roughness  (leading  to  an  increase  in  fractal  dimension i.  It  is 
the  net  effect  in  which  we  are  interested.  If  the  fractal  dimension  is  small  (that  is. 
neither  the  interior  fragmentation  nor  the  boundary  convolutedness  is  very  large). 
D,  and  D.ip  cannot  be  very  different  While  taking  sections  of  clouds  is  not  within 
our  capability,  superimposing  sections  of  boundary-layer  or  jet  flows  can  easily  be 
done  by  increasing  the  thickness  of  the  light  sheet.  This  has  been  done,  and  the  result 
is  that  increasing  the  relative  size  of  the  light-sheet  thickness  (from  between  I  and 
2r)  to  about  at/)  increases  the  dimension  D.i  (from  1  37  to  1.43).  suggesting  that 
Dlp  >  Dr  In  doing  this  experiment  we  could  not  unfortunately  hold  the  Reynolds 
number  constant,  but  if  we  believe  that  the  primary  effect  of  increasing  the  Reynolds 
number  is  to  increase  the  range  of  scale  similarity  (but  not  alter  the  dimension),  this 
increase  in  D.,  is  conclusive  enough.  If  this  reasoning  holds  for  clouds  we  may 
conclude  that  D .,  <  1.34.  It  is  interesting  that  Carter  ft  at.  (1986).  using  an  entirely 
different  procedure  from  Lovejoy  s.  arrive  at  a  number  of  1.16  for  D.,. 

We  have  become  aware  from  a  preprint  by  Lovejoy  &  Schertzer  (1986)  that  smaller 
dimensions  than  1.34  have  in  fact  been  obtained  for  clouds  by  setting  the  threshold 
to  higher  values.  The  result  that  the  more  intense  regions  of  a  fractal  are  distributed 
on  sets  with  lower  fractal  dimensions  is  described  in  §§3  and  4.3,  and  is  apparently 
quite  general  (Halsey  ft  a(.  1986). 

3.  Dimension  of  iso-velocity  surfaces  in  boundary  layers 

Here,  we  seek  the  fractal  dimension  of  surfaces  separating  regions  of  velocity  above 
and  below  a  certain  chosen  level,  say  w,  in  figure  11.  One  can  similarly  (and  more 
satisfactorily)  address  the  issue  of  iso-concentration  surfaces.  We  have  used  the 
line-intersection  method  described  in  §2.4.  As  before,  we  get  Cantor  discontinua 
whose  dimension  can  be  obtained  by  the  box-counting  method.  The  hope  is  that 
adding  2  to  the  numbers  obtained  will  yield  the  fractal  dimension  of  iso-velocity 
surfaces:  again,  one  should  keep  in  mind  the  various  aspects  discussed  in  §2.  Figure 
12  shows  results  from  a  box-counting  algorithm  implemented  on  a  signal  obtained 
in  a  boundary  layer  at  a  height  of  0.35<$.  The  different  curves  are  for  different  segments 
of  the  same  (long)  signal.  To  within  the  variability  of  about  12  °0.  the  line  drawn 
through  these  various  curves  represents  a  mean  behaviour.  Such  results  can  be 
obtained  for  several  velocity  levels  of  the  same  signal  (the  uncertainty  is  largest  for 
levels  near  the  mean  velocity)  and  for  signals  obtained  at  several  heights  in  the 
boundary  layer,  all  of  which  are  consolidated  in  figure  13.  The  dimension  is  highest 
for  the  iso-surface  for  the  local  mean  velocity,  and  drops  off  on  both  sides.  Further, 
the  peak  value  of  the  dimension  goes  up  slowly  towards  3  as  the  distance  from  the 
wall  increases  (see  inset). 
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Fun  RE  I  -  The  logarithm  (to  base  10)  of  the  number  .V,  of  the  line  segments  of  length  t.  required  to 
rover  the  Cantor  discontmuum  obtained  by  the  intersection  of  the  threshold  level  «,  (  =  O  7.)  I 
with  the  velocity  signal,  y/it  =  0.35.  I  T  =  20  m  s'1  S  =  4  cm  Each  line  in  the  figure  corresponds 
to  a  different  segment  of  the  velocity  signal,  each  of  w  hich  is  of  the  order  of  100  transverse  integral 
scales  long  (see  text)  The  mean  slope  (£»,)  is  0.50  with  a  variation  of  +  I2°„.  giving  a  D,  =  2  . VI 

A  complete  interpretation  of  these  curves  must  take  into  account  several  factors. 
We  expect  the  dimension  to  be  largest  for  the  most  space-tilling  iso-velocity  surface, 
or  the  velocity  with  the  largest  number  of  ‘level  crossings  (which  roughly  translates 
as  the  largest  probability  density  -  see.  for  example.  Sreemvasan.  Prabhu  &  N'ara- 
simha  1983).  In  the  fully  turbulent  regions  of  the  boundary  layers,  the  peak  of  the 
probability  density  of  the  velocity  signal  occurs  roughly  at  the  mean  velocity.  Far 
into  the  boundary-layer  free  stream  (i.e.  y  S>  S).  we  should  ideally  expect  nothing  but 
the  free-stream  velocity  to  prevail  everywhere:  thus  the  set  u,  +  C x  is  a  null  set  and 
its  complement,  namely  the  set  u,  =  is  really  a  classical  volume  for  which  the 
dimension  must  equal  3.  In  practice,  the  presence  of  some  overriding  noise  on  the 
free-stream  velocity  will  reduce  the  peak  dimension  to  something  smaller  than  3  and 
produce  a  spread  onto  the  neighbouring  velocity  levels.  In  the  intermittent  regions, 
where  lamina i  chunks  of  signal  are  interspersed  between  the  turbulent  ones,  the 
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dimension  of  an  iso-velocity  surface  must  be  a  weighted  average  between  those  of 
the  same  iso-surface  in  the  turbulent  and  non-turbulent  regions:  the  dimension  will 
now  [>eak  at  around  the  mean  velocity  in  the  non-turbulent  region  because  the 
distribution  of  the  Cantor-set  elements  is  much  denser  there  than  anywhere  else 
(with  or  without  noise):  according  to  the  measurements  of  Kovasznay.  Kibens  & 
Blackwelder  (1970).  the  mean  velocity  in  the  non-turbulent  region  is  approximately 
the  same  as  the  overall  mean  velocity  (at  least  to  the  accuracy  appropriate  in  this 
context).  It  is  also  logical  that  the  dimension  must  get  smallest  near  the  wall  because 
the  strong  viscous  effects  will  inhibit  excessive  contortions  of  an  iso  velocity  surface. 
While  all  these  interpretations  are  consistent  with  the  data  of  figure  13.  note  that  the 
data  of  figure  13  do  not  apply  to  iso-surfaces  in  the  non-turbulent  regions  only,  and 
hence  cannot  answer  questions  related,  for  example,  to  the  dimension  of  an 
iso- velocity  surface  with  «,  =  0.9 L\  residing  entirely  in  the  non-turbulent  region 

In  figures  12  and  13.  we  have  used  many  segments  of  signal  that  are  of  the  order 
of  50  transverse  integral  tim-  ales  long,  and  ensemble  averaged  over  them  This 
should  be  quite  acceptable  b<  use  ail  iso-surfaces  are  only  a  few  integral  scales  in 
streamwise  extent  and  small  in  the  transverse  direction.  We  should  point  out. 
however,  that  if  one  uses  few:  longer  chunks  of  the  signal  for  the  calculations  (the 
total  length  remaining  the  same),  the  straight-line  regions  become  more  and  more 
ambiguous,  until  they  disappear  altogether  for  signal  lengths  beyond,  say.  500 
integral  scales  long  (figure  14).  The  distribution  then  takes  the  shape  characteristic 
of  a  random  process  (figure  15).  What  this  implies  is  that  the  iso-surfaces  are 
fractal-like  when  viewed  on  timescales  of  the  order  of  50  integral  timescales,  but 
behave  more  akin  to  random  processes  when  viewed  on  timescales  an  order  of 
magnitude  larger. 

An  operationally  helpful  comment  on  the  long-time  randomization  of  the  self 
similar  behaviour  observed  over  short  times  is  the  following.  If  two  separate  segments 
of  data  show  fractal  characteristics  but  with  slightly  different  fractal  dimensions,  it 
is  easy  to  see  that  the  sum  of  the  two  segments  of  data  will  in  general  not  -.how  the 
fractal  behaviour.  (The  sum  of  two  processes,  each  of  which  is  hyperbolically 
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distributed,  will  also  be  hyperholically  distributed  only  if  the  sealing  exponent  is  the 
same  for  both  .)  The  observed  randomization  is  a  rough  consequence  of  the  eentrai- 
limit  theorem  for  the  eolleetion  of  a  largo  number  of  slightly  different  and  nearly 
independent  events.  If  we  argue  that  fractals  are  intermediate  between  complete 
order  and  total  chaos,  we  may  interpret  our  findings  as  revealing  short-time  order 
h>r  order  over  small  extent  i  and  long-time  disorder  in  turbulence -a  concept  that 
has  support  m  a  variety  of  circumstances  in  turbulent  How  s. 

4.  Fractal  dimensions  of  dissipative  structures  of  turbulence 

Vnother  aspect  of  turhulenee  that  is  a  candidate  for  fractal  description  is  its 
dissipative  (or  internal  or  small )  structure  it  is  known  (  Batchelor  &  Townsend  1949) 
that  the  small  structure  of  turhulenee  is  intermittent,  anil  that  scale-similarity 
arguments  (eg  Curvich  &  Vaglom  I9H7I  are  very  helpful  in  describing  it.  The  essence 
of  scale-similarity  arguments  in  this  context  is  the  follow  ing.  Within  a  given  field  of 
(fully  developed)  turbulence,  consider  a  cube  w  ith  sides  of  length  L„.  w  here  LH  is  an 
integral  scale  of  turbulence.  If  we  divide  this  cube  into  a  number  (n  1 )  of  smaller 
cubes  of  length  L ,  =  L„n  *.  the  density  of  dissipation  rate  in  each  of  these  smaller 
cubes  is  distributed  according  to  a  certain  probability  law  Further  subdivision  of 
these  cubes  into  second-order  cubes  of  length  Lt—  />,«  >  leaves  the  probability 
distribution  unaltered.  This  similarity  extends  to  all  scales  of  motion  until  one  reaches 
sizes  directly  affected  by  viscosity.  The  simplest  distribution  is  the  binary  one 
according  to  which  a  given  high-order  box  either  contains  dissipation  or  does  not 
It  is  this  simple  picture  that  we  shall  pursue.  The  goal  in  this  section  is  to  examine 
the  appropriateness  of  fractal  description  for  the  dissipative  structure  of  both 
turbulent  energy  and  of  a  passive-scalar  field.  Except  for  the  material  in  the  follow  mg 
subsection,  which  is  an  update  of  some  earliet  work,  the  rest  of  the  material  in  this 
section  is  new 


4.1.  .4 n  update  <>f  Mandelbrot'*  work 

Let  y  be  the  fractal  dimension  of  the  dissipative  field.  (We  shall  avoid  using  the 
subscript  3  in  this  instance  because  there  is  no  ambiguity.)  When  we  have  resolved 
the  smallest  scales  rj.  and  determined  the  number  .V  of  boxes  of  size  rj  required  to 
cover  the  entire  dissipation  regions.  can  be  calculated  according  to  its  definition 


log  A' 
log  (LJr)) 


S 


(L0/n)y- 


(4.1) 


Since  each  ^ube  has  a  volume  of  the  order  (L0/j))3.  the  total  volume  occupied  by  the 
cubes  of  active  dissipation  is  [L(s/q)J~3  Since  all  dissipation  is  contained  in  these 
cubes,  the  level  of  dissipation  in  them  is  (A/0/7)3 times  the  global  average  value. 
Assuming  local  isotropy,  this  means  that  (dit/dx)*  in  the  dissipating  cubes  is 
(La/ij)3~'*  times  the  global  mean  Consequently,  the  kurtosis  (or  the  flatness  factor) 
of  da/d-r.  defined  as 


(4.2) 


will  be  given  by  (Ln/rj)lt3  'J)  times  the  volume  occupied  by  the  dissipating  cubes. 
(Note  that  this  assumes  the  identity  of  the  set  supporting  dissipation  and  ‘.hat 
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Flu  i  re  1H  The  variation  of  the  kurtosis  of  (dii/dt)  as  a  function  of  the  microscale  Reynolds  number 
U  ith  minor  modifications,  this  diagram  is  the  same  as  figure  -  of  Van  Atta  4:  Antonia  ( 1980).  £ 
Batchelor  &  Tow  nsend  ( 1 947  19491.  grid  turbulence  B ,  Friehe.  Van  Atta  &  ( obson  (1971).  circular 
cylinder:  #.  Hibson  Stegen  4:  Williams  (1970).  atmosphere:  O-  Wyngaard  &  Tennekes  (1970). 
mixing  layer  and  atmosphere .  Met  'onnel!  ( 1976).  atmosphere .  J\.  Park  ( 1976).  atmosphere :  3. 
Williams  4t  Paulson  (1977).  atmosphere  ▼  Champagne  (1978).  atmosphere.  0.  Kuo  &  Corrsin 
1 1971 ).  grid  turbulence  and  circular  jet .  •£.  Pond  &  Stewart  ( 1965).  atmosphere 


Fine  RE  17  The  kurtosis  of  the  temperature  derivative  (d77dt)  •  McConnell  (1976).  atmosphere 
<.  Antonia  e I  al.  (1980).  atmosphere;  0  Antonia  &  Danh  (1977)  atmosphere:  O  Sreenivasan. 
Antonia  4t  Danh  (1977).  boundary  layer:  A.  Gibson  et  a/  (1970).  atmosphere  C>  Park  (1976). 
atmosphere;  □.  McConnell  ( 1976) :  jet ;  V.  Antonia  &  Van  Atta  (1975) :  |.  Antonia  &  Danh  ( 1977). 
jet :  .  <  Jibson  &  Maaiello  (1972).  jet :  ▼  Gibson  et  al  (1970).  jet 

supporting  (du/df)*.  We  are  strictly  calculating  the  fractal  dimension  of  the  latter.) 
From  (2.4),  we  have 

K*(LJr,r*  x  R\{3-'y\  (4.3) 

where  RA  =  u'A/v.  A  being  the  Taylor  microscale  a:id  «’  the  root-mean-square 
streamwise  velocity.  If  we  invoke  Taylor's  frozen-field  hypothesis,  the  flatness  factor 
of  (d u/dz)  is  the  same  as  that  of  (du/df);  Antonia.  Phan-Thien  &  Chambers  (1080) 
have  shown  that  this  is  true  to  within  about  7°0.  A  plot  of  log  A’,  where  now  A"  is 
the  kurtosis  of  (du/dl).  vs.  log  R{  will  yield  the  co-dimension  |3  — £?). 

Mandelbrot  used  this  argument  and.  from  an  examination  of  the  kurtosis  data  from 
Kuo  &  Corrsin  (1971).  estimated  9  to  lie  2.6.  More  data  have  become  available  since 
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t  In *n .  and  an-  plotted  in  figure  Id.  With  small  modifications  ami  additions,  this  figure 
is  essentially  a  reproduction  from  Van  Atta  &  Antonia  (1980)  who  first  compiled 
them,  (oven  the  difficulties  in  obtaining  the  data,  they  may  be  considered  to  collapse 
on  a  line  with  a  slope  of  0.4.  yielding  a  Q  of  2.73.  a  revision  from  Mandelbrot's  earlier 
estimate.  This  means  that  the  fractional  volume  (L^/rf)^'3'  occupied  by  the 
dissipation  field  is  given  by  (Ln/ r))~ni' .  For  Rx  <  150.  the  slope  in  figure  16  isdecidely 
smaller  (  s:  0.15).  which  yields  a  Q  of  2.9.  This  indicates  either  that  the  dissipation 
regions  at  low  Reynolds  numbers  are  less  spotty  or  that  local  isotropy  does  not  obtain 
Ruth  are  likelv. 


4.2.  Fractal  dimension  of  the  temperature  dissipation  field 
Precisely  the  same  arguments  show  that  the  kurtosis  Fh  for  the  temperature 
derivative  (dT/df)  is  related  to  the  Reynolds  number  as 

where  i/*  is  the  dimension  of  the  temperature  dissipation  field.  From  figure  17.  where 
all  the  available  data  have  been  collected,  we  conclude  that  2**  =  2.6.  (By  drawing 
a  line  with  a  slope  of  0.52  on  figure  16.  it  is  easy  to  see  that  the  difference  between 
the  scalar  and  momentum  dissipation  fields  is  indeed  statistically  significant  )  The 
temperature  dissipation  field  (and  by  inference,  those  of  all  passive  scalars)  is  less 
space  filling  (x  [LJr\)~'>  *).  or  is  more  intermittent.  This  result  has  been  known  to 
oceanographers  for  some  time. 

Similar  arguments  suggest  that  the  so-called  hyperfiatness  (i.e.  the  normalized 
sixth  moment)  of  (dT/dt)  must  behave  like  R3fi3~Jl*) .  Figure  18  shows  that  this  is  quite 
consistent  with  the  experimental  data  for  Rx  >  100. 
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Floi'RE  IS  L<jg  X,  is.  log  f.  lor  the  dissipation  held  in  grid  turbulence  by  a  line  intercept  using  a 
threshold  of  56*.  The  inset  shows  the  dependence  of  the  resulting  dimension  on  the  threshold  u~ed 
to  identify  the  iso-dissipation  surface 

4.3.  Dimension s  of  iso-dissipation  surface*  by  the  line-intersection  method 
It  is  obvious  that  the  volume  occupied  by  the  dissipative  structures  depends  on  the 
threshold  employed  to  identify  the  dissipation  regions.  There  is  no  explicit  mention 
of  any  threshold  in  the  above  method,  which  is  both  its  strength  and  weakness  - 
w  eakness  because  one  does  not  really  understand  the  inherent  experimental  definition 
of  dissipation  regions:  the  probes  and  the  differentiation  operations  somehow  set  a 
threshold  of  their  own.  To  permit  sharper  questions  about  the  dependence  on  the 
threshold  or.  equivalently,  about  the  dimensions  of  iso-dissipation  surfaces,  it  is 
useful  to  resort  to  the  line-intersection  method.  The  method  here  is  in  principle  free 
of  some  of  the  ambiguities  raised  in  earlier  sections  because  of  the  expected  statistical 
isotropy  of  the  dissipation  regions,  even  in  inhomogeneous  shear  Hows.  The  procedure 
is  exactly  the  same  as  in  §2.4.  except  that  we  replace  u  by  (dit/df)*  Figure  19  gives 
a  typical  result  in  grid  turbulence  for  the  threshold  setting  equal  to  5  times  the  global 
mean  value  of  dissipation.  The  slopes  in  the  appropriate  regions  of  similar  curves 
obtained  for  various  thresholds  are  shown  in  the  inset.  The  fairly  strong  dependence 
of  2  on  the  threshold  means  that  the  dissipation  regions  identified  by  higher  threshold 
settings  are  less  space  filling  (obviously!),  and  the  surfaces  bounding  them  are  less 
convoluted.  (Similar  data  for  clouds  have  now  been  obtained  by  Lovejoy  &  Schertzer 
1986.)  It  must  be  mentioned  that  the  range  of  scales  over  w  hich  self-similarity  can 
be  observed  shrinks  as  we  approach  lower  thresholds,  thus  making  the  dimension 
measurements  more  uncertain  for  iso-surfaces  containing  most  of  the  dissipation  (i.e. 
low  threshold);  this  accounts  for  the  larger  scatter  there.  We  observe  however  that 
the  mean  trend  is  to  intercept  the  f?-axis  at  a  value  of  near  2.7.  which  compares  very 
well  with  the  value  obtained  in  §4.1. 

We  saw  earlier  that  the  volume  occupied  by  the  dissipation  structures  is  small 
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equal  to  (  LJ  >i)y  1  Fractal  sets  that  occupy  a  small  fraction  of  the  embedding  volume 
are  called  thin  fractals  (to  he  contrasted  with  fat  fractals  in  §5.5).  Mathematically 
thin  fractals  are  defined  as  sets  possessing  zero  volume:  in  practice,  this  volume 
is  positive  hut  small  because  of  the  finite  inner  cutoff  scale.  We  are  justified  in  thinking 
of  the  dissipative  set  as  a  thin  fractal  because  its  volume/area  ratio  is  vanishingly 
'inall  at  >uffi<  iently  high  Reynolds  numbers.  Needless  to  say.  the  turbulent  non 
turbulent  interface  is  a  thin  fractal  also. 


5.  Miscellaneous  aspects 

In  this  section,  we  shall  briefly  discuss  several  aspects  of  turbulence  that  may 
usefully  be  associated  with  fractals. 

5.1.  Fractal  dimension  of  interfaces  in  the  developing  region 
If  we  consider  as  an  example  the  flow  past  a  circular  cylinder,  the  interface  between 
the  vortical  and  non-vorticai  regions  in  the  immediate  vicinity  of  the  cylinder  is 
expected  to  be  a  classical  surface  (because  of  the  more  or  less  regular  vortex  shedding), 
and  the  dimension  will  then  be  2.  This  expectation  will  hold  even  at  high  Reynolds 
numbers  except  that  it  will  be  confined  more  and  more  near  the  origin  of  the  flow 
Far  downstream,  we  have  shown  the  dimension  of  the  interface  to  be  about  2.4.  which 
means  that  in  the  developing  regions  the  dimension  goes  up  from  2  to  about  2  4  We 
have  not  made  extensive  measurements  in  this  region,  but  scattered  measurements 
(by  imaging  methods  in  jets  and  line  cuts  in  wakes)  confirm  this  suggestion 
Naturally,  the  range  of  scale  similarity  is  shorter. 


5.2.  Evolution  of  material  lines  in  grid  turbulence 
To  motivate  the  discussion  here,  it  is  convenient  to  refer  to  a  classical'  fractal,  like 
a  Koch  curve  (Mandelbrot  1982.  p.  42).  Iterations  of  the  type  shown  in  figure  20  on 
the  sides  of  an  initially  equilateral  triangle  will  produce  smaller  and  smaller  scales  , 
the  results  of  three  iterations  are  shown.  The  fractal  dimension  of  the  boundary  of 
the  asymptotic  object  -  the  so-called  Koch  curve  -  can  easily  be  deduced  from  its 
definition  to  be  log  4/log  3.  The  relevant  point  here  is  that  the  length  of  this  Koch 
curve  increases  exponentially  with  the  number  of  iterations. 

Suppose  now  that  we  place  a  patch  of  ink  in  a  field  of  turbulence.  The  effect  of 
turbulence  dynamics,  which  is  to  distort  the  ink  patch  in  a  manner  visualized 
schematically  by  Corrsin  (1959).  can  be  thought  of  as  being  equivalent  to  a 
repetitively  occurring  iteration  scheme  (according  to  some  complex  algorithm),  pro¬ 
ducing  smaller  and  smaller  scales  at  each  iteration.  If  this  is  so.  the  perimeter  of  the 
ink  blob  should  increase  exponentially.  Mundane  experimental  difficulties  have  so  far 
prevented  us  from  demonstrating  this  expectation.  However,  we  have  examined  a 
somewhat  similar  question  of  the  growth  of  material  lines  in  a  turbulence  field  behind 
a  grid.  We  generated  lines  of  fine  hydrogen  bubbles  in  the  developed  region  behind 
a  grid  placed  in  a  water  channel,  and  measured  their  length  as  they  propagate 
downstream.  Their  true  lengths  have  been  measured  by  obtaining  two  orthogonal 
projections  simultaneously  (placing  a  mirror  at  45°);  the  procedure  is  explained  in 
the  Appendix.  Corrsin  &  Karweit  (1969)  had  earlier  measured  the  increase  in  length 
of  hydrogen-bubble  lines,  but  their  method  was  indirect  and  used  an  equation 
(Corrsin  &  Phillips  1961)  relating  the  length  to  the  ntanber  of  cuts  experienced  by 
sampling  planes  making  all  angles  with  the  axis  of  a  statistically  axisvmmetric  line 
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Fiucre  -><>  The  iteration  icheme  for  a  triadic  Koch  island  (Mandelbrot  19821  to  be  performed  on 
an  equilateral  triangle  (the  so-called  initiator)  in  each  iteration  the  sides  of  the  triangle  are 
restructured  according  to  the  scheme  shown  on  the  upper  right  The  objects  resulting  from  the  first 
three  iterations  are  shown 


element  It  is  gratifying  to  note  that  the  two  estimates  agree  where  they  overlap 
(figure  21).  Clearly,  except  initially  and  in  the  last  stages,  the  growth  is  indeed 
exponential.  The  initial  behaviour  is  not  expected  to  be  exponential  (Batchelor 
1959).  and  the  final  levelling  off  is  most  likely  due  to  the  inadequate  resolution  of 
length  measurement. 

3.3.  Velocity  signals 

Figure  22  shows  the  temperature  signal  taken  on  the  centreline  of  a  slightly  heated 
axisymmetric  jet  (Sreenivasan  et  al.  1979).  The  most  striking  feature  of  this  signal 
is  the  sharp  ramp-like  structures  upon  which  the  small  structure  is  superimposed. 
Admittedly,  this  signal  is  carefully  chosen  to  emphasize  the  point,  but  it  is  not 
statistically  untypical.  The  temperature  and  velocity  (especially  normal  component) 
signals  in  the  boundary  layer  (even  in  the  non-intermittent  parts,  see  figure  1 1 )  show 
similar  behaviour,  although  not  as  dramatic.  The  conclusion  is  that  the  fluctuations 
do  not  randomly  jump  about  from  one  level  to  another,  but  gradually  build  up  to 
a  level  from  which  they  suddenly  depart  rather  sharply.  This  behaviour  is  consistent 
with  a  power-law  behaviour,  which  is  symptomatic  of  self-similarity  (and  thus 
fractals).  Following  Lovejoy  &  Mandelbrot  (1985),  if  we  artificially  construct  a  sum 
of  randomly  placed  rectangular  pulses  whose  width  w  obeys  an  inverse  cumulative 
distribution  Pr(w  >  W)  x  If'1,  and  their  height  is  ±wliX.  the  sign  being  randomly 
chosen,  we  can  construct  signals  that  show  qualitative  semblance  to  those  shown  in 
figure  22;  here  a  is  a  characteristic  exponent. 

One  useful  comment  relates  to  the  expectation  (Carter  et  al.  1986)  that  the 
turbulent  signals  themselves  are  fractals.  This  is  obviously  no!  a  simple  concept 
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Flut  RE  22.  A  temperature  oscillogram  in  an  axisymmetrie  heated  jet  obtained  in  the  region  m 
maximum  production  of  turbulent  energy  Intermittency  factor  =  U.93.  The  sharp  jumps  associated 
with  AB  (for  instance)  have  been  a  subject  of  much  study 


because  any  dimension  calculations  depend  strongly  on  the  scales  chosen  for  plotting 
the  velocity  signal.  For  example,  if  the  signal  is  expanded  to  scales  comparable  with 
Kolmogorov  scales,  the  signal  looks  very  smooth  leading  to  a  dimension  close  to 
unity.  The  expectation  is  that  the  signals  are  self-affine  fractals,  by  which  we  mean 
that  there  are  more  complex  scaling  behaviours  (invariance  under  transformations 

of  the  type  S(rt.rt . x()  r,x,.  .  r,xfl.  where  all  the  r  are  different ).  and 

our  work  in  this  direction  is  continuing. 


5.4.  Higher-order  dimensions 

For  the  fractal  description  to  be  complete,  one  should  be  able  at  least  to  distinguish 
between  two  different  fractals  which  may  have  the  same  dimension  Higher-order 
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dimensions  are  detined  for  this  purpose  (Hentschel  &  Procaceia  1983;  Mandelbrot 
1986).  and  are  given  by 

L)q  =  lim 
*  -0 

where  p,  is  the  probability  of  finding  points  of  the  set  in  the  /th  box  of  length  e.  For 
high  values  of  q.  L>q  indicates  the  sealing  behaviour  of  the  more  concentrated' 
regions:  for  low  q.  the  character  of  the  more  sparse  regions  is  quantified  We  have 
calculated  these  dimensions  for  several  values  of  q.  and  these  do  displav  (as  will  be 
reported  elsewhere)  global  characteristics  similar  to  many  strange  sets  discussed,  for 
example,  by  Halsey  el  al  (19H6| 

5  .")  Fat  tract  a Is  and  turbulence 

At  this  stage,  it  is  interesting  to  make  >ome  tentative  connections  between  turbulence 
and  what  have  been  called  fat  fractals  In  the  literature,  there  is  no  apparent 
agreement  on  the  precise  meaning  of  fat  fractals  (contrast  I  mberger  A’  Farmer  1 9H."> 
w  ith  (Irebogi  et  nl  1985)  and  this  has  to  some  extent  damjiened  our  own  pursuit  in 
this  direction  At  a  basic  level  however,  the  meaning  of  a  fat  fractal  set  is  that  it 
occupies  a  finite  volume  ithe  box  counting  algorithm  applied  to  this  set  yields  the 
dimension  of  the  embedding  space),  but  its  boundary  is  a  thin  fractal  A  possible 
example  of  a  fat  fractal  is  the  set  of  all  points  in  figure  3  where  the  smoke 
concentration  is  above  a  prescribed  threshold,  if  the  threshold  properly  sets  apart 
the  turbulent  and  non  turbulent  regions  the  skin  of  the  set  is  the  interface  whose 
dimension  we  have  alreadv  measured  in  $2  l  sing  a  suitable  integral  of  the  measured 
mtermittenev  factors  in  several  standard  turbulent  Hows,  we  have  obtained  rough 
estimates  for  the  volume  (say  within  the  region  f  <  0.99  l',)  occupied  by  the 
turbulent  zone  The  fraction  of  volume  is  about  •)  5  for  circular  jets  (with  or  w  ithout 
endow)  about  tl  6  for  plane  wakes  behind  circular  cylinders,  and  about  0.75  for  the 
two-dimensional  bourn  try  layers  in  constant  pressure  The  somewhat  larger  value 
in  the  last  case  is  consistent  with  the  decreased  mtermittenev  near  the  wall 

The  same  argument  can  la-  extended  to  the  set  of  points  in  space  where  a  velocity 
component  (see  §3)  is  greater  than  a  prescribed  threshold  u,  The  skin'  of  such  a 
fat  fractal  is  the  a,  iso  velocity  surface 

6.  Concluding  remarks 

W'e  have  shown  that  there  are  several  facets  of  turbulent  Hows  possessing  fractal 
like  behaviour  We  have  measured  fractal  dimensions  for  some  of  them  The  fractal 
dimension  is  only  one  measure  of  the  properties  of  a  fractal  set.  albeit  the  most 
important  one.  and  higher-order  dimensions  (mentioned  in  §5.4)  will  help  in 
specifying  the  fractal  more  completely 

It  is  necessary  to  remark  that  the  present  work  falls  far  short  of  proving  that 
'  turbulence  is  fractal '  without  need  for  qualifications  and  reservations.  As  discussed 
in  various  sections,  the  qualifications  arise  partly  because  of  the  limitations  of  the 
techniques  employed,  these  can  (and  should)  undoubtedly  be  bettered  in  the  next 
generation  of  experiments.  But  it  seems  to  us  on  the  basis  of  the  present  measurements 
that  turbulence  (except  perhaps  for  the  dissipation  field)  genuinely  loses  its  fractal 
like  behaviour  when  viewed  on  very  long  timescales  Thus,  turbulence  is  perhaps 
a  collection  of  a  number  of  fractals  each  of  which  is  slightly  different  We  think  that 
this  view  can  be  reconciled  roughly  with  the  view  of  turbulence  now  in  vogue  as  an 
ensemble  of  semi -organized  motions. 
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While  there  is  not  much  question  that  this  work  is  interesting,  its  usefulness  in 
better  coming  to  grips  w  ith  the  hard  issues  of  the  '  turbulence  problem  is  less  certain 
In  this  context,  we  might  interpret  the  turbulence  problem  to  mean  the  following 
given  the  various  fractal  dimensions  of  several  of  its  facets,  how  may  one  reconstruct 
the  turbulent  flow  that  generated  them'  We  know  of  no  serious  enquiry  of  this  sort 
being  done  m  the  context  of  turbulence,  although  some  beginnings  seem  to  have  been 
made  in  a  broader  setting  (Barnsley  et  a  I  1986).  Unless  this  issue  is  addressed  it 
is  not  clear  how  fractals  w  ill  advance  our  understanding  of  turbulence  dynamics  I  n 
fact,  contrary  arguments  have  often  been  advanced.  A  case  in  point  is  the  description 
of  the  dissipation  field  Its  traditional  description  via  either  vortex  lines,  tubes  or 
blobs,  it  is  said  is  physically  more  appealing  than  its  new  description  as  a  thin  fractal 
of  dimension  2. 7.  Actually,  this  point  of  view  is  not  quite  correct  because  a  -at i.-tac 
tort  description  via  vortex  elements  that  is  in  complete  consonance  with  measure 
meets  has  never  been  attained  (Kuo  A  Corrsin  1972).  At  any  rate,  fractals  mat 
describe  the  geometry  of  turbulence  (keep  in  mind  all  our  disclaimers  at  different 
places')  but  geometry  and  dynamics  do  not  have  a  one-to-one  correspondence 
It  is  appropriate  to  contrast  the  measurement  difficulties  in  obtaining  fractal 
dimensions  in  physical  space  with  those  in  phase  space  Even  engineering  Hows  iat 
low  Reynolds  numbers)  possess  attractors  with  fractal  dimensions  (Srcemv a>an 
1986).  but  their  determination  becomes  extremely  difficult  and  uncertain  as  the 
Reynolds  number  increases  In  contrast,  the  determination  of  fractal  dimensions  in 
physical  space  becomes  more  definitive  at  higher  Reynolds  numbers 

As  a  final  remark,  we  note  that  numerical  work  of  the  sort  initiated  by  <'horin 
( 19H2).  dedicated  to  questions  on  the  dynamic  evolution  of  vortex  elements  w  ill  go 
some  way  in  establishing  possible  connections  between  fractals  and  turbulence 


1 


Our  thanks  must  extend  to  David  Aronstcin  who.  as  a  summer  student  laid  the 
ground woi  k  for  part  of  the  work  reported  in  $21  :  to  William  van  Altcna  for  allow  mg 
us  the  use  of  his  digitizer;  to  Paul  Dimotakis  for  his  jiermission  to  reproduce  figure 
4  and  for  his  penetrating  comments  on  an  earlier  draft  .  to  Benoit  Mandelbrot  tor 
comment  mg  on  the  manuscript .  and  for  providing  the  necessary  impet  us  in  t  he  carls 
stages  of  this  work  more  than  three  years  ago  by  refusing  to  believe  K KK  s  negat ive 
conclusions  of  that  time  to  a  number  of  colleagues  (especially  W  Van  dor  Water 
('else  (Irebogi  Rick  .Jensen,  and  B  T  t'hu)  whose  encouragement  wc  received  at 
y  ariotis  tunes,  to  Mark  Lee  and  Paul  Strykowski  for  carefully  reading  the 
manuscript  and  commenting  on  it  to  Ted  Lynn  for  cheerfully  putting  up  with  inter 
ruptions  to  his  own  boundary  layer  work;  to  .Jim  McMichael  who  encouraged  its 
pursuit  under  an  AFOSR  grant  The  last  stages  of  this  work  were  supported  by  the 
National  Science  Foundation 


9 


Appendix:  Growth  of  material  lines  in  grid  turbulence 

A  ^rnall  water  channel  was  used  and  lines  of  hydrogen  bubbles  were  produced  at 
.1/  -  Is  behind  a  turbulence-generating  grid  (solidity  =  0  42.  mesh  size  .'!  mini 
Dow  list  ream,  a  mirror  was  placed  at  an  angle  of  4.7°  with  the  horizontal  direction 
so  that  a  camera  placed  directly  over  the  flow  could  simultaneously  lake  pictures  o| 
two  I |«  rjH-mllcular)  projections  o(  the  same  hydrogen  bubble  line  Bv  discret i/mg 
both  lines  and  some  simple  trigonometric  relations,  it  is  then  easy  to  determine  the 
teal  length  of  the  line  ill  three  dimensions 

Suppose  yyc  have  two  projections  and  /,  (sec  figure  29)  of  a  line  m  spac  e  and 
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ilisi  rctizc  them  in  •••juallv  spaced  columns  of  vs  with  dx.  From  figure  23.  the  follow  mg 
relations  can  he  interred 

<1j'  =  /,  co>  x,  =  / ,  cos  x.,. 
d*  cos//  =  / , 
d*  sin//  =  I.  sin  x, 

Thus  tan//  =  it  sin xjlv 

Finally  by  expressing  d*-  as  a  function  of  dx  and  both  angles.  we  get 


cos  a,  cos  (arctan  (cos  a,  sinat/eosatp 


B>  measuring  the  angles  x,  and  a2  in  each  column  of  the  discretized  projections  and 
adding  all  the  computed  d*.  we  net  the  real  length  (up  to  an  accuracy  of  dx|  of  the 
line  in  three  dimensions. 

This  was  repeated  for  lines  at  several  distances  from  the  grid.  resolution  problems 
and  fast  diffusion  of  the  hydrogen -bubble  lines  prevented  us  from  analysing  data  at 
large  distances. 
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I  hi  ntcmnMent  transition  to  turbulence  :n  open  Hows  im.iinlv  pipe  llowsi  ;s  e\am:ne«l  in  the  context  ol  nUim:UetK\ 
i oi j 1 1.  ■»  it >  Ji.t.s  Mrehnunarv  conclusions  are  (hat  some  quantitative  connections  vjn  he  discerned,  hut  that  thev  .ire 
ik  * -mpleti  In  .»  similar  manner,  connections  with  phase  transition  and  other  ciMital  phenomena  an  aU,-  mpeiled  Some 
Mie.isuiemenfs  which  we  hope  will  he  helplul  :n  developing  alternative  models  desctihiii*:  the  es%enfals  o|  tlic  phenomenon  are 
d^'itihid  Some  difficulties  are  huihh tilled 


I.  InlriKluclion 


I  his  p.tpci  i'  .i  p.irt  ol  .in  overall  etl'on  related 
to  the.'  exploration  ol  quantitative  connections  be¬ 
tween  chaos  m  dissipative  dxnamical  svstenis  on 
the  one  hand,  and  transition  and  turbulence  ill  the 
so-called  open  (low  svstenis  on  the  other  Open 
Hows  h\  definition  possess  a  preferred  direction, 
and  tlieie  is  a  lltiv  of  mass  across  its  boundaries 
\i  least  in  some  circumstances  this  elementarv 
feature  of  open  Hows  renders  the  nature  of  Mow 
uistuhihtv  convective,  as  opposed  to  being  ab- 
solute.  which  is  the  case  observed  in  closed  How 
svstenis  I  his  can  have  profound  consequences  on 
the  origin  of  turbulence  in  open  How  svstenis. 
which  m. iv  in  turn  render  our  task  quite  difficult 
It  has  been  known  for  over  a  hundred  vears 
now  |l|  that  transition  to  turbulence  in  pipe  Hows 
occurs  mtermittentlv  f  or  example,  the  velocitv 
measured  on  the  centerline  at  a  fixed  axial  loca¬ 
tion  m  the  pipe  is  tvpieallv  as  shown  in  tig.  1.  It  is 
this  intermittent  transition  to  turbulence  that  is 
our  concern  here  With  increase  in  Revnolds  num- 
bet  the  Iruction  of  time  that  the  How  is  in  the 
turbulent  state  increases,  until  eventuallx  the  How 
is  coiHinuoiislv  turbulent  One  observes  qualila- 
tivclv  similar  iniermitteiic v  in  the  advanced  stages 
■  ■I  transition  to  turbulence  in  boundarv  lasers  (tig 


2).  and  channel  (i.e.  plane  Poiseuille)  Hows,  to 
which  also  we  shall  make  a  brief  reference  here 
fquallv  well  known  now  is  that  main  low- 
chmensional  dvnantical  svstenis  approach  a  chaotic- 
state  in  an  intermittent  fashion,  quahtativelv  simi¬ 
lar  to  the  intermittent  transition  to  turbulence  just 


■  f  rt'amwlst 
velocity  0 


I  i£  1  The  streamwise  tor  a x i a  1  j  velocilv  measured  as  a  fum 
lion  of  time  on  the  eenterhne  of  <t  pipe  How  The  measuring 
tool  is  a  standard  hot  wire  operated  on  a  constant  temperature 
mode  The  signal  oscillate'*  apparenth  randomlv  between  an 
esscntiallv  steadv  laminar  state  and  a  turbulent  'tale  1  oi  a 
p.i\en  axial  position,  a  vehxilv  trace  obtained  simultaneoiislv  jt 
another  railial  position  will  show  ,i  coincident  alternation 
between  the  two  states,  but  the  amp)  tude  dillerenee  between 
the  two  states  is  a  function  of  radial  p<  sHiun  Moth  the  oidmate 
ami  the  .ibsc  issa  are  drawn  to  arbiti.uv  scales 
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fm  Ivpiual  Jala  on  the  intcrimuencv  factor  y  a>  a  func- 
uon  of  iRc  Rct)  Re,,  a:  !.  /)  =  $ 05  [1()|:  •  :  L  I)  =  435 
(present).  Other  vunhoN  as  in  tig.  5. 

extremely  long  pipes  (say.  length  to  diameter  ratio 
>  104 )  is  overdue. 

As  one  varies  the  (low  Reynolds  number,  the 
appearance  of  the  intermittent  state  is  quite  abrupt. 
The  intermittency  factor  y.  defined  as  the  fraction 
of  time  the  How  is  turbulent,  appears  to  vary 
approximately  linearly  with  the  Reynolds  number. 
By  a  backward  extrapolation  to  zero  of  the  mea¬ 
sured  intermittency  factor,  one  can  define  a  unique 
value  of  the  onset  Reynolds  number  Re„.  Fig.  7 
shows  that  y  is  a  unique  linear  function  of  Re  - 
Re,,  in  a  certain  non-trivial  neighborhood  of  Re„: 
v  I)  or  l./D  is  thus  an  inconsequential  parameter 
for  this  quantity. 

A  reasonable  goal  now  is  to  describe  in  phase 
space  the  main  features  of  these  processes.  Return¬ 
ing  now  to  fig.  1.  it  appears  plausible  to  think  that 
the  steady  laminar  state  is  essentially  zero-dimen¬ 
sional  that  is.  a  proper  orthogonal  decomposi¬ 
tion  of  the  temporal  signal  contains  no  time 
dependent  function.  (Unfortunately,  estimates  of 
statistical  properties  such  as  the  entropy  and  di¬ 
mension  from  the  velocity  signal  obtained  entirely 
m  the  laminar  state,  for  example  just  before  the 
onset  of  intermittency.  is  dominated  by  the  high¬ 
dimensional.  low-amplitude  noise  overriding  the 
laminar  motion.  The  noise  here  does  not  arise 
merelv  from  instrumentation  or  other  ‘purely  ran¬ 


dom'  fluctuations  in  the  background;  as  men¬ 
tioned  elsewhere  [9],  the  background  ‘noise’  in 
most  open  (low  systems  is  usualh  dominated  b\ 
large-scale  pressure  fluctuations  w  hich  are  far  from 
being  structureless.)  From  this  fixed  point,  the 
motion  escapes  to  an  attractor  representing  the 
turbulent  state,  and  gets  reinjected  near  the  fixed 
point  at  apparently  random  intervals.  Two  rele¬ 
vant  questions  can  be  asked:  1 )  Can  one  quantita¬ 
tively  capture  by  a  low-dimensional  map  the 
essential  dynamics  of  this  intermittent  motion  from 
the  fixed  point?  2)  What  are  the  characteristics  of 
the  chaotic  attractor?  Answers  to  these  questions 
are  attempted  below. 

3.  The  route  to  chaos 

Fig.  8  shows  a  close-up  of  the  vicinity  of  the 
velocity  signal  near  the  leading  edge  of  a  typical 
slu0.  Corresponding  to  the  laminar  as  well  as  this 
interface  regions,  we  have  constructed  by  discreti¬ 
zation  a  return  map  of  ,  vs  un  (fig.  9).  A  close 
look  in  the  vicinity  of  the  fixed  point  shows  that 
the  map  is  much  like  that  from  which  fig.  3  was 
constructed.  Secondly,  the  slope  of  the  return  map 
near  the  fixed  point  is  close  to  but  greater  than 
unity.  This  shows  that  the  fixed  point  is  unstable 
once  the  onset  of  intermittency  occurs;  the  laminar 
and  interface  regions  are  thus  merely  a  reflection 
of  the  duration  spent  in  the  narrow  channel  in  the 
vicinity  of  the  fixed  point.  There  is  some  hope, 
then,  that  the  dynamics  of  the  leading  edge  inter¬ 
face  can  be  described  (approximately)  by  a  one 
dimensional  map  of  some  kind,  for  example  that 
used  in  fig.  3  (for  small  .v„).  This  observation 
lends  some  emphasis  to  our  original  question  of 
possible  connections  to  the  generic  intermittency 
routes  to  chaos.  We  must  right  away  note  a  simple 
fact:  Pipe  flows  strictly  belong  to  neither  type  of 
intermittency  mentioned  in  section  1.  an  obvious 
reason  being  that,  unlike  in  the  Pomeau 
Manneville  formulation,  intermittent  transition  in 
open  flows  (see  especially  fig.  2)  occurs  from  a 
steady  state  and  not  from  a  limit  cycle.  (For  a 
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Kin  S  A  close-up  of  the  velocity  signal  near  the  leading  edge 
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brief  reexamination  of  this  point  see  section  6.) 
This  may  be  interpreted  to  mean  that  Poincare 
sections  of  the  Pomeau -Manneville  intermitten- 
cies  have  a  direct  bearing  on  pipe  flow  transition, 
but  it  will  unfold  that  this  is  not  the  entire  story. 
As  we  shall  show  soon,  this  is  related  to  the 
non-uniform  manner  in  which  the  motion  in  phase 
space  gets  reinjected  to  the  vicinity  of  the  unstable 
fixed  point.  (We  take  the  view  that  to  label  reinjec¬ 
tion  by  ‘relaminarization’  -  as  is  often  done  -  is  to 
miss  the  point  altogether.  While  in  the  Eulerian 
frame  of  reference  one  sees  an  alternation  between 
laminar  and  turbulent  states,  this  does  not  imply 
relaminarization  of  fluid  that  was  once  turbulent. 
As  must  be  clear  from  section  2.  in  the  Lagrangian 
frame  of  reference,  there  is  no  relaminarization  of 
fluid  entrained  by  a  slug:  one  is  talking  merely 
about  the  slug/no-slug  situation.) 

All  three  types  of  intermittencies  mentioned  in 
section  1  make  definite  predictions  for  certain 
statistical  quantities  of  the  intermittent  signals, 
against  which  the  outcomes  of  experiments  can  be 
tested.  Apart  from  the  nature  of  the  return  maps 
themselves,  the  important  predictions  concern  the 
probability  distribution  for  the  duration  of  the 
laminar  regions;  from  this  distribution  one  can  in 
particular  calculate  their  mean  duration  as  a  func¬ 
tion  of  the  departure  from  the  critical  value  of  the 
control  parameter.  Re  -  Re()  here.  At  any  rate,  it 
is  useful  to  measure  these  quantities  in  the  hope 
that  they  will  help  us  build  alternative  models. 


Fig.  4  The  return  map  of  u„.  ,  vs  u„  for  the  interface  region 
shown  in  tig  X.  obtained  by  the  discretization  of  the  signal. 
The  origin  is  the  fixed  point  representing  the  laminar  state. 

Fig.  10  shows  a  plot  of  the  average  length  L ,  of 
the  laminar  regions  as  a  function  of  Re  -  Re0. 
The  data  for  several  experimental  conditions  all 
tend  to  show  that  L,  ~  (Re  -  Re(l)  This  behav¬ 
ior  is  common  to  both  Type  II  and  Type  III 
intermittencies.  The  measured  inverse  cumulative 
distributions  for  the  length  of  the  laminar  inter¬ 
vals  (fig.  1 1 )  follows  the  expression 

P(l>lt))~  [e/exp(4 el()-  1)]1/2,  (1) 
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Fig,.  10.  The  mean  length  of  the  laminar  regions  in  the  mca- 

i trot  parameter.  Ke  -  Ke„  here.  At  any  rate,  it  'urcd  'fcloci*>'  P'oUcd  “  a  f1unc,,on  of  ,hc  f"  vy.wy 

from  the  critical  Reynolds  number.  Lines  correspond  to  the  ,  ^ 
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In  spite  of  these  concurrences,  one  cannot  iden¬ 
tify  the  pipe  (low  with  Type  III  intermittency  for 
two  reasons.  Firstly,  the  hallmark  of  Tvpe  III 
intermittency  is  the  subcritical  period-doubling  [7], 
with  the  primary  eflect  of  nonlinearity  being  a 
dramatic  enhancement  of  the  subharmonic  com¬ 
ponent  just  before  the  Hip  to  the  chaotic  state 
occurs.  The  system,  instead  of  subsequently  fol¬ 
lowing  the  period  doubling  route  to  chaos,  some¬ 
how  decides  to  go  the  intermittency  route.  As 
already  mentioned,  the  nonturbulent  state  is  not  a 
limit  cycle.  Secondly,  and  more  importantly,  in 
arriving  at  expression  (1 ).  the  assumption  has  been 
made  that  whenever  reinjection  occurs  from  the 
chaotic  attractor  to  the  vicinity  of  the  limit  cycle, 
the  distance  from  the  fixed  point  of  a  Poincare 
map  where  this  reinjection  occurs  is  uniformly 
distributed  [12],  We  have  measured  (see  Appendix) 
the  distribution  of  the  reinjection  distance  from 
the  unstable  fixed  point  (in  this  case),  and  ob¬ 
tained  the  result  that  it  is  approximately  an  in¬ 
verse  power  law  (fig.  12)  over  a  certain  range.  The 
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i  i sr  il  The  cumulative  distribution  of  the  laminar  intervals 
Re  4 ~'Z>.  y  0  .*?y.  c  -  0.004  Note  that,  except  for  a  small 
/.  the  behaviour  of  I*  is  verv  nearlv  exponential 

which  is  a  result  known  to  hold  for  Tvpe  III 
intermittency.  Here,  the  parameter  e  should  be 
identified  as  being  proportional  to  (Re  - 
Rc\,)/Rc(1.  The  inset,  which  is  an  expanded 
log  linear  plot  shows  that  the  (it  is  very  good  even 
towards  the  tail  region. 


I'ui  12  The  measured  reinjection  probabihiv  lor  a  discussion  of  how  this  was  obtained,  see  Appendix  The  inset  which  is  a 
lot»  linear  plot  shows  that  the  cumulative  probability  for  the  reinjection  distance  increases  logarithnucalK  with  the  reinjection 
distance  from  the  fixed  point  (laminar  state) 
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log  linear  plot  of  the  cumulative  distribution 
shown  in  the  inset  is  a  less  scattered  comparison 
because  of  the  averaging  involved  in  the  integrat¬ 
ing  process. 

This  nonlinearity  associated  with  the  reinjection 
probability  adds  an  additional  'dimension'  to  the 
problem,  and  should  be  explicitly  incorporated  in 
any  model  of  the  problem.  Using  this  empirically 
determined  reinjection  probability,  it  is  easilv 
shown  'hat  Type  II  intermitteney  also  leads  pre- 
eisely  to  the  expression  (1)  for  the  cumulative 
distribution  of  laminar  lengths.  This  result,  to¬ 
gether  with  figs.  9  and  10.  might  be  taken  to 
indicate  a  closer  connection  with  Type  II.  It  is  also 
worth  recalling  that  the  one-dimensional  map  from 
which  lig.  3  was  constructed  was  obtained  after 
some  simplification  from  Type  II.  Perhaps  the 
connection  is  even  closer  if  we  realize  that  a 
suitably  obtained  Poincare  section  of  Type  II  in- 
termittency  is  qualitatively  similar  to  the  measured 
velocity  signals  here  (figs.  1  and  2). 

Before  closing  this  section,  we  note  that,  inde¬ 
pendent  of  the  agreement  between  measurement 
in  fig.  10  and  the  intermitteney  models,  the  almost 
exponential  variation  of  the  data  (fig.  11)  is  point¬ 
ing  to  some  simple  mechanism  of  slug  generation 
(e  g.,  a  Poisson  process). 


4.  The  chaotic  state 


Prom  traces  of  the  type  shown  in  fig.  1,  we  have 
constructed  a  composite  velocity  signal  by  string¬ 
ing  together  all  the  turbulent  patches:  that  is.  by 
removing  the  laminar  as  well  as  the  parts  corre¬ 
sponding  to  the  interface  between  the  two  states. 
For  this  composite  signal,  we  have  calculated  the 
correlation  dimension  using  the  Grassberger- 
Procaccia  [13]  algorithm.  Calculations  show  the 
scaling  exponent  of  the  correlation  function  is 
about  IS.  To  the  extent  that  one  can  trust  calcu¬ 
lations  resulting  in  such  large  numbers  and  their 
interpretation,  the  dimension  of  the  attractor  is 
about  IX.  This  relatively  high  dimension  does  not 
conic  as  a  surprise  to  us,  because  it  is  consistent 
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with  our  experience  with  most  open  (low  systems 
[14];  for  all  Reynolds  numbers  except  those  very 
close  to  the  onset  of  turbulence,  low -dimensional 
attractors  do  not  seem  to  exist.  (The  number  of 
data  points  used  in  these  calculations  is  not  as 
large  as  is  usually  believed  to  be  necessarv  for 
calculating  dimensions  of  the  order  IX  reliably, 
but  far  fewer  (  ~  3000).  We  have  however  calcu¬ 
lated  the  dimension  from  several  independent 
patches  of  the  composite  signal  each  of  which  is 
about  3000  points  long,  and  performed  ensemble 
averaging  over  these  segments.  We  have  found  on 
other  occasions  to  be  described  elsewhere  that 
this  procedure  gives  stable  numbers.  In  any  case, 
the  issue  here  is  not  whether  the  dimension  is  1X.1 
or  IX. 2.  but  whether  it  is  2.  6  or  IX.  The  safest 
conclusion  to  draw  from  here  is  that  the  dimen¬ 
sion  is  nor  small,  of  the  order  of  5.  say.) 

We  conclude  that  pipe  flow  transition  exhibits 
partial  similarities  with  known  intermitteney  routes 
to  chaos  -  especially  with  Type  II  -  but  it  does  not 
strictly  belong  to  any  of  them,  at  least  because  of 
the  preferential  nonlinearity  in  the  reinjection 
mechanism.  Although  the  dynamics  appears  low¬ 
dimensional  on  the  interface  region,  it  is  clearly 
not  so  elsewhere.  For  this  reason,  it  is  helpful  to 
examine  the  problem  from  another  point  of  view. 


5.  Analogy  with  phase  transitions 


As  we  already  mentioned  in  section  2.  the  change 
of  state  from  a  laminar  to  a  turbulent  one  occurs 
in  pipe  flows  essentially  discontinuously  at  an 
onset  Reynolds  number  Re„.  and  at  any  instant  at 
a  spatial  location  it  is  easy  to  say  to  which  of  the 
two  states  the  fluid  flow  belongs.  Above  this  onset 
Reynolds  number  the  laminar  and  turbulent  phases 
can  be  thought  of  as  coexisting,  with  the  fraction 
of  time  the  flow  is  turbulent  increasing  monotoni- 
caily  with  the  Reynolds  number:  in  the  intermit¬ 
tent  regime  all  the  mean  flow  properties  (such  as 
the  pressure  drop  in  the  pipe)  change  continuously 
from  the  laminar  values  to  the  fully  turbulent 
values.  Following  the  lead  of  Dhawan  and 
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l  ig  13  The  measured  time-mean  square  of  the  streaimvi>e 
v  clou  tv  compared  with  the  sum  of  v  times  the  turbulent  value 
<  for  that  Reynolds  number)  and  (1  y)  times  the  laminar 
value  SB.  Re  -=  4214.  y  -  0  K7:  a.  4U06.  0  72;  ..  41 10.  0  54;  *7. 

4774.  0.32:  •.  4XX2.  0  43  ►.  4451.  0.05;  ■.  455^.  0  1b  lor 
calibration  purposes,  completely  laminar  values  {  •  j  have  also 
been  plotted  We  suspect  that  this  agreement  will  not  hold  so 
wc..  .f  the  critical  Revnolds  number  is  large 


Narasimha  [15]  in  boundary  layers,  we  show  in  fig. 
13  that,  at  any  given  Reynolds  number  during  the 
intermittent  transition,  one  can  express  to  a  good 
approximation  some  measured  time  average  How 
properties  (such  as  the  dynamic  head  on  the  pipe 
axis)  as  a  linear  combination  of  the  laminar  and 
fully  turbulent  properties  appropriate  to  that 
Reynolds  number.  Noting  that  the  intermittency 
factor  itself  appears  to  vary  linearly  with  Re  -  Reu 
(see  fig.  6).  it  is  clear  that  flow  properties  in  the 


vicinity  of  Re(l  can  be  expressed  as  linear  com¬ 


bination  of  the  laminar  and  turbulent  ones,  with  y 
replaced  by  (1  -  Re/Re0). 

The  above  description  tempts  us  to  explore 
possible  connections  with  phase  transitions.  Since 
all  phase  transitions  can  be  described  in  similar 
terms,  the  crucial  step  is  to  identify  an  order 
parameter,  which  is  such  that  it  takes  on  different 
values  in  coexisting  phases,  and  jumps  discontinu- 
ously  in  the  course  of  the  phase  transition:  the 
magnitude  of  the  jump  is  zero  at  the  critical  point. 
As  an  example,  the  order  parameter  in  the 
gas  liquid  phase  transition  is  the  difference  be¬ 
tween  the  actual  density  and  the  density  at  the 
critical  point. 


While  many  details  are  not  clear  and  the  anal¬ 
ogy  has  not  yet  been  pushed  to  its  logical  conclu¬ 
sion.  one  can  identify  an  order  parameter  with  the 
(normalized)  difference  speed  AU  between  L'w.  the 
leading  edge  speed,  and  t/lc,  the  trailing  edge 
speed,  of  the  slug  or  the  spot.  Fig.  14  shows  that 
in  all  flows  in  w  hich  JU  has  been  measured  to-date, 
the  relationship 


AU  ~  «( Re  -  Re 


(2) 


holds  quite  well  in  a  nontrivial  neighbourhood  of 
Ret.  where  Re  is  a  ‘critical'  Reynolds  number 
akin  to  the  critical  temperature  in  the  gas -liquid 
phase  transition.  It  is  surprising  that  this  should 
be  so.  considering  that  the  four  flows  studied  in 
fig.  14  are  quite  different  in  detail:  they  range,  on 
one  extreme,  from  spots  which  grow  in  all  direc¬ 
tions  to  slugs  on  the  other  extreme  which  are 
constrained  in  all  but  the  axial  direction  *  We  also 
find  it  very  interesting  that  the  ‘critical  exponent' 
must  take  on  the  classical  value  of  0.5. 

For  the  boundary  layer.  Rec  =  200  according  to 
fig.  14.  This  suggests  that  attempts  to  create  sus¬ 
tained  spots  below  Rec  must  necessarily  fail  be¬ 
cause.  interpreted  literally,  fig.  14  suggests  that  the 
trailing  edge  should  then  travel  faster  than  the 
leading  edge.  If  this  does  occur  we  would  have  on 
our  hand  a  case  of  relaminarization  but.  in  reality, 
spot-like  structures  below  Ret.  will  break  up  and 
decay.  To  our  knowledge,  detailed  tests  relating  to 
this  issue  have  not  been  made.  In  the  literature  on 
spots,  we  have  found  no  documentation  of  spots 


‘For  all  cases  but  thal  involving  boundary  layer  spots,  a 
linear  fit  between  AU  and  (Re  -  Rec)  is  not  unthinkable,  but 
the  fit  (2)  is  a  bit  better  when  Re  -  Rec  is  not  too  large.  Also, 
wc  believe  that  the  departure  from  (2)  in  fig.  14d.  for  example, 
is  largely  due  to  the  fact  that  the  flows  were  generally  set  up  in 
pipes  which  were  not  long  enough  for  the  fully  developed 
parabolic  state  to  emerge.  This  means  that  the  leading  edge 
speed  of  the  slug,  which  is  essentially  equal  to  the  largest  speed 
anywhere  in  the  flow  field,  cannot  be  as  high  as  it  would  be  if 
one  had  a  parabolic  distribution  of  velocity  ahead  of  the  slug. 
Data  from  Alavvoon  et  al.  [31]  in  plane  Poiscuillc  flow  became 
available  too  late  Tor  inclusion  here,  but  they  follow  the 
equation  AU2  =  0.727  x  10  4  (Re  -  800);  the  fit  appears  as 
unambiguous  as  for  the  boundary  layer  data  of  fig.  14(a) 
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Fig.  14.  The  dillerencc  between  the  propagation  speeds  of  the  leading  and  trailing  edges  of  the  slug  as  a  funetion  of  the  Mow 
Reynolds  number  (a)  Spots  in  a  two-dimensional  boundary  layer:  Re  is  based  on  the  frecstream  speed  L-t  and  the  displacement 
thickness.  The  normalizing  speed  for  MJ  is  Cr.  x,  Cantwell  et  al.  |24|:  «• .  Wygnanski  |1X|:  O.  Zilberman  (see  Wygnanski  1 1 8]). 
Since  Reynolds  number  (no  matter  how  defined)  increases  with  streamwise  distance  in  boundary  layers  those  used  here  are  the 

Reynolds  numbers  at  which  spots  were  created  - .  3 .65  x  10  4  (Re  -  200)  (b)  Spots  on  an  axisymmetric  body.  When  the  spots 

grow  to  sufficient  sizes,  they  wrap  around  the  body  Data  from  Rao  [25].  — .  5.6  x  10  '  (Re  -  25(H));  Reynolds  numbers  are  based 
on  the  boundary  layer  thickness.  <e)  Transitional  structure  in  a  rectangular  pipe,  aspect  ratio  4  0;  Reynolds  numbers  are  based  on  the 
hydraulic  radius.  Data  from  Sherlin  (26]  .  5.0  x  10  4  (Re  -  1240);  (d)  Slugs  in  circular  pipes  Data  from  one  experimental  run. 

present.  ,  2.56  x  10  4  (Re  -  2350).  Similar  data  have  been  obtained  by  Lindgren  [27],  Pantulu  [28|.  Coles  |20]  and  Wygnanski  & 
Champagne  [10], 


generated  helow  Ret.  the  lowest  such  Reynolds 
number  being  around  210  due  to  Elder  [16],  Al¬ 
though  Elder  did  not  make  specific  claims  that 
spot  generation  attempts  below  Ret  were  unsuc¬ 
cessful.  the  absence  of  any  documentation  con¬ 
trary  to  our  conclusion  must  be  deemed  to  be 
significant.  Similarly  for  pipes  attempts  to  gener¬ 


ate  slugs  below  a  Reynolds  number  of  about  2400 
are  known  to  be  unsuccessful. 

We  draw  attention  to  two  minor  matters.  First, 
the  constant  a  in  each  of  the  four  flows  is  of  the 
same  order  of  magnitude  when  proper  account  is 
taken  of  the  differences  in  the  definitions  of  the 
Reynolds  number  and  different  normalizing  speeds 
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used  m  AL  Second,  the  rate  of  spread  of  the 
spanwise  extent  of  the  spots  (the  'width')  in  con¬ 
stant  pressure  houndarv  lasers  is  onh  a  weaklv 
increasing  function  of  the  Reynolds  number  (It 
goes  up  h\  about  20 T  in  a  Reynolds  number 
dillermg  h\  a  factor  of  about  3  in  the  experiments 
iif  Schubauer  and  Klebanoll  [  1 7],  and  b\  about 
half  as  much  in  a  similar  Rexnolds  number  range 
in  W  xgnaiiski's  1 1 S]  experiments  )  Not  enough  data 
exist  on  the  Rexnolds  number  dependence  of  the 
growth  of  the  spot  height  normal  to  the  plane 
We  should  remark  on  the  likelihood  that  the 
expression  (2)  max  sigmlx  nothing  more  than  a 
characteristic  shared  b\  propagation  fronts  in  di¬ 
verse  circumstances,  where  a  power-law  usuallx 
describes  the  relation  between  the  propagation 
speed  of  the  front  and  the  distance  from  the 
critical  xalue  of  the  control  parameter.  Some  ex¬ 
amples  are  the  speed  of  propagation  of  the  turbu¬ 
lence  front  produced  by  an  oscillating  grid  in  a 
tank  of  still  water  [32].  the  speed  with  which  the 
upper  (lower)  surface  vortex  propagates  into  the 
lower  (upper)  vortex  in  a  short  aspect  ratio (  =  1.25) 
Taylor  C'ouette  apparatus  housing  only  two  vortex 
rolls  [19.  20],  the  propagation  speed  of  solidifica¬ 
tion  fronts  in  dendritic  growths  [21]  the  speed  of 
the  so-called  'directed  lattice  animals’  in  percola¬ 
tion  theory  [22|.  etc.  F.ven  this  is  an  interesting 
enough  conclusion. 


6.  Discussion  and  conclusions 


The  behaviors  described  so  far  are  not  strictly 
applicable  for  large  Re  -  Re(l.  For  example,  as  the 
intermittency  factor  approaches  unity,  increas¬ 
ingly  larger  departures  occur  between  expression 
( 1 )  and  the  measured  probability  distribution  of 
laminar  regions;  similarly  (2)  is  violated  for  large 
values  of  Re  -  Ret.  This  in  itself  is  no  serious 
detraction,  since  all  '  universality  theories'  aim  to 
explain  only  the  region  immediately  after  the  onset 
of  intermittency.  W'e  want  to  emphasize  one  fur¬ 
ther  point.  For  certain  combinations  of  experi¬ 
mental  conditions  which  are  poorly  understood. 


I  til  1'  X  u-lucilv  signal  measured  on  the  pipe  seiuerlmc  lot 
votuluions  dillerenl  from  those  of  lie  I  l  nloriunjlelv .  I  Ik 
diOerences  .tie  nol  Joeumentuble  in  Jelail 


the  alternation  between  the  two  states  occurs  regu- 
larlx  (fig.  15):  the  distribution  of  the  laminar 
intervals  in  this  case  obviously  peaks  sharplx 
around  some  value.  This  last  fact  serves  as  a 
reminder  of  the  complexity  of  the  process  involved. 
Further,  even  restricting  to  what  one  might  call 
the  generic  features  of  this  transition  process,  it 
should  be  clear  from  section  4  that  the  dynamics 
does  not  entirely  reside  on  a  low -dimensional  at¬ 
tractor 

Nevertheless,  several  common  features  exist  be¬ 
tween  pipe  flow  transition  and  purely  mathemati¬ 
cal  models  like  one-dimensional  maps;  further 
work  is  needed  to  be  completely  certain  of  this,  as 
well  as  about  possible  analogies  to  physical 
processes  like  phase  transitions.  In  any  case,  a 
more  realistic  model  than  the  existing  ones  need  to 
be  invented  to  duplicate  the  observed  facts  in 
detail.  W'e  think  that  a  suitable  modification  of  the 
Rossler  equations  [23]  may  serve  this  end  to  some 
extent. 

One  of  our  contentions  has  been  that  transition 
in  the  examples  studied  here  occurs  intermittently 
between  a  steady  state  and  a  chaotic  one.  In 
particular,  the  laminar  regions  do  nol  correspond 
to  any  periodic  states,  as  is  especially  clear  from 
fig.  2.  It  may.  however,  be  of  interest  to  recall  that 
in  the  experiments  of  Schubauer  and  Klebanolf 
[17]  the  first-born  spots  are  generally  accompanied 
by  an  undulating  (not  steady)  laminar  state,  but 
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once  a  new l\  horn  spot  sweeps  hv  the  Mind.  it 
produces  a  'calming  ell'ecf  that  subscquentlv 
eliminates  the  unelulations  m  the  laminar  state 
I  mail’. .  we  must  remark  that  the  standing  ot 
the  conclusions  of  this  paper  is  onk  preliminary 
unless  substantiated  h\  measurements  in  e\- 
tremelv  long  pipes  (length  to  diameter  t.itios  well 
in  excess  of  1 U 4  )  in  which  the  mass  flux  (instead 
of  the  usual  pressure  drop)  is  held  constant  We 
believe  that  such  an  experimental  ell  ort  is 
worthwhile  Pipe  Mows  are  fascinating  also  be¬ 
cause  thex  provide  counter  examples  to  the  com- 
monlx  observed  bifurcations,  as  well  to  mam 
beliefs  ustiallx  held,  in  dvnamic.il  systems  lor 
example,  ‘noise-free’  pipe  Mows  are  strtcllv  stable 
at  all  Revnolds  numbers,  which  elearlv  requires 
the  presence  of  \ushinwJ  noise  for  initiating  tran¬ 
sition.  it  is  therefore  not  clear  to  what  extent  the 
mtermitleney  statistics  relied  the  statistical  prop¬ 
erties  of  the  noise  itself.  In  contrast  to  transition 
to  turbulence  in  convection  problems  (for  exam¬ 
ple).  much  less  appears  to  be  known  about  the 
tvpe  of  ‘ metastable'  transition  observed  in  pipe 
Mows.  The  purpose  of  this  paper  is  more  than 
adequately  served  if  it  brings  these  problems  to 
the  attention  of  a  wider  audience  than  that 
customarilv  involved  in  them. 
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Appendix 


I  ranxition  from  the  turbulent  to  laminar  state  is 
very  sharp  as  can  he  seen  in  tig.  I.  (It  is  in  fact 


1000  1X00  ?000  TWO  3000  3500  V000 


time,  t 


1000  1S00  ?000  raw  5000  5500  4000 


time,  t 


1  iu  W»  1  he  .pper  trace  (a)  is  a  xclocitx  trace  which,  when 
inodilicd  as  described  in  the  text  and  dillereniiated.  vields  the 
Inuei  trace  (b) 


sharper  than  the  transition  from  the  laminar  to 
turbulent  one.)  It  thus  seems  reasonable  to  associ¬ 
ate  reinjection  with  sharp  velocity  gradients.  Hence 
a  numerical  differentiation  was  performed  on  the 
time  trace,  after  substituting  the  turbulent  state  by 
a  constant,  say.  500  on  the  ordinate  of  tig.  16a. 
This  modified  signal  u.  when  dilferentiated.  looks 
as  in  tig.  16b.  The  reinjection  point  is  then  iden¬ 
tified  as  the  distance  from  the  reference  laminar 
state  where  the  largest  vclocitv  gradient  occurs. 
(Other  plausible  definitions  yield  much  the  same 
result.)  Fig.  12  was  obtained  after  rescaling  the 
distance. 
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An  instability  associated  with  a  sudden  expansion  in  a  pipe  flow 

K.  R.  Sreenivasan8’  and  P.  J.  Strykowski 

Mason  Laboratory,  Yale  University,  Sew  Haven,  Connecticut  06520 
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An  instability  characteristic  of  a  fully  developed  laminar  flow  encountering  a  sudden  expansion  in 
a  circular  pipe  is  briefly  described. 


Consider  a  sudden  expansion  in  a  circular  pipe  shown  in 
Fig.  1.  A  hot  wire  located  on  the  centerline  some  distance 
downstream  of  the  sudden  expansion  will  register,  beyond  a 
threshold  value  of  the  Reynolds  number,  oscillations  of  the 
type  shown  in  Fig.  2.  The  regularity  of  these  oscillations  is  so 
remarkable,  and  their  general  repeatability  so  good,  that  a 
brief  exploration  of  the  phenomenon  seemed  worthwhile. 
This  letter  is  a  short  report  of  a  preliminary  effort. 

In  our  initial  setup,  oscillations  which  would  appear  at 
a  threshold  Reynolds  number  R,  (based  on  the  upstream 
section  average  velocity  <  U )  and  the  upstream  pipe  diameter 
dx)  of  about  1500  would  disappear  completely  when  R,  ex¬ 
ceeded  a  value  of  about  1700.  Also  a  0.24  mm  diam  needle 
inserted  along  a  diameter  through  a  hole  slightly  upstream  of 
the  expansion  would  destroy  the  oscillations  everywhere  in 
the  pipe;  removing  the  wire  and  resealing  the  hole  with 
scotch  tape  (for  example)  would  restore  them  exactly.  On  the 
other  hand,  a  slightly  thinner  wire  (0. 1 7  mm  diam)  would  not 
at  all  affect  the  occurrence  of  the  oscillations. 

It  is  soon  realized  that  the  0.24  mm  needle  was  of  suffi¬ 
ciently  large  diameter  (Reynolds  number  based  on  the  maxi¬ 
mum  velocity  in  the  upstream  pipe  and  the  wire  diameter 
~48)  to  shed  Karman-Benard  vortices  which  could  indeed 
be  observed.  These  vortices  were  probably  of  sufficiently 
large  magnitude  to  prevent  the  oscillations  (for  reasons  to  be 
explained  below)  from  occurring.  The  0. 17  mm  wire  shed  no 
vortices — the  wire  Reynolds  number  of  35  being  lower  than 
the  critical  value  of  about  40  (Ref.  I) — and  would  leave  the 


FIG.  1.  The  experimental  configuration. 


oscillations  quite  intact.  In  fact,  we  found  that  fairly  low 
levels  of  turbulence  created  at  the  expansion  would  disrupt 
the  oscillations  totally.  This  immediately  suggested  to  us 
that  the  disappearance  at  R,  =  1700  of  these  oscillations  had 
to  do  with  the  upstream  disturbances  whose  residue  at  the 
expansion  remained  sufficiently  strong  for  destroying  the 
oscillations  mentioned  earlier.  We  then  built  a  new  pipe  of 
the  same  nominal  dimensions  but  with  more  carefully  de¬ 
signed  inlet  conditions  having  a  significantly  lower  distur¬ 
bance  level.  For  this  setup,  the  oscillations  at  a  certain  axial 
location  appeared  at  around  R,  =  1500  as  before,  but  per¬ 
sisted  in  varying  forms  up  to  at  least  twice  that  value. 


FIG  2  Oscillations  seen  by  a  hot  wire  located  on  the  pipe  axis  at  x/d,  =  11 
Corresponding  experimental  conditions  are  R,  =  (U)dt/v  —  1500. 
4,  =  0.635  cm.  d2  =  1.27  cm,  and  Ly  =  425  dt.  The  uppermost  trace  is  the 
unfiltered  signal,  the  midtrace  is  low-pass  filtered  below  10  Hz,  the  lower¬ 
most  trace  being  high-pass  filtered  above  10  Hz.  Most  of  the  fluctuations 
seen  in  the  last  trace  are  below  about  500  Hz  Time  scale:  from  left  to  right  of 
figure,  4  8  sec. 
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FIG  5  Flow  visualization  results  for  R  lnuij  In  a  .  the  *reu* .i>  w n  I 
ihe  incoming  J>e  \ireak  •  >c c li rs  dtmri'.trejm  of':  he  mark  mdivateJ  ? he 
arro*.  *hile  in  b  .  thiN breakdown  kcuts  upstream  .-l  ihe  nurk  In  v  .  it  is 
seen  that  a  needle  placed  ;ust  upstream  oM hi*  expansion  anchors  the  Gc.ik 
dovx  n  point 


lation  along  the  pipe.  Thus,  if  one  concentrated  at  a  fixed 
observation  station  along  the  pipe  axis  isuch  as  the  mark  in 
Fig.  5 1,  one  would  alternately  see  an  unruffled  dye  streak  or  a 
situation  in  which  the  broken-up  dye  streak  filled  the  entire 
cross  section.  An  unruffled  dye  streak  at  the  observation 
station  implies  a  velocity  there  that  is  characteristic  of  the 
jet-like  oncoming  flow  from  the  upstream  smaller  pipe 
whereas,  once  the  reattachment  occurred,  the  flow  would  fill 
up  the  entire  pipe  thus  reducing  the  average  velocity.  This  is 
essentially  what  makes  a  hot  wire  record  las  in  Fig  2)  two 
different  levels  of  velocity  with  periodic  alternation  between 
them.  In  fact,  we  noticed  that  the  upper  level  of  velocity  in 
the  oscillations  of  Fig.  2  corresponded  roughly  to  the  center- 
line  velocity  in  the  smaller  upstream  pipe,  while  the  lower 
one  corresponded  approximately  to  the  average  velocity  that 
would  result  if  the  flow  coming  out  of  the  smaller  pipe  filled 
the  entire  downstream  pipe  uniformly.  Further,  it  may  be 
seen  (cf.  the  uppermost  trace  of  Fig.  2)  that  the  upper  velocity 
level  is  essentially  laminar-like,  while  the  lower  one  is  some¬ 
what  turbulent-looking,  reflecting  the  fact  that  the  lower  lev¬ 
el  in  the  velocity  oscillation  of  Fig.  2  represents  a  turbulent 
situation  downstream  of  reattachment. 

Why  does  the  reattachment  point  oscillate  back  and 
forth  so  regularly?  The  answer  probably  lies  in  the  complex 
interaction  between  the  velocity  field  downstream  of  the  ex¬ 
pansion  and  the  oscillatory  pressure  field  further  down¬ 
stream.  Presumably,  the  velocity  distribution  downstream 
of  the  expansion  would  be  nearly  parabolic  in  the  core,  but 
would  be  surrounded  by  a  region  of  reverse  flow.  The  result¬ 
ing  complex  velocity  distribution  has  several  inflection 
points,  and  is  obviously  prone  to  instabilities  which  are  quite 
possibly  excited  in  phase  by  the  downstream  pressure  field, 
thus  providing  the  mechanism  for  the  regularity  of  the  oscil¬ 
lations.  These  instabilities  grow  and  eventually  lead  to  the 
breakdown  of  the  flow  at  some  point  downstream.  When  this 
occurs,  the  turbulence  that  develops  and  the  consequently 
increased  pressure  drop  would  shift  the  reattachment  point 
upstream.  One  may  surmise  that  this  upstream  shift  of  the 
reattachment  point  would  restore  the  stability  of  the  flow  by 


altering  its  velocity  distribution  just  enough,  so  that  the  reat¬ 
tachment  point  would  move  downstream  to  its  original  posi¬ 
tion,  this  self-perpetuating  act  repeats  itself 

Inserting  a  small  wire  slightly  upstream  of  the  expan¬ 
sion  [see  Fig  5 1  ci ,  where  the  head  of  the  needle  can  he  seen], 
w  hich  in  the  air  experiments  had  the  effect  of  destroy  ing  the 
oscillations,  always  resulted  in  a  premature  breakdown  and 
re.itl.ichiiient  of  the  flow  at  .n-niiid  v  ,/  4  Disturbances 

Iks  a  use  ol  the  w  u  e  upslicam.  .  a  any  other  artificially  creat¬ 
ed  disturbance,  would  hasten  the  breakdown  by  bypassing 
the  normal  oscillatory  growth  stage,  and  anchor  so  well  the 
reattachment  point  at  around  x  d  4  that,  upstream  of 
this  point,  the  flow  would  simply  be  a  laminar  "jet"  of  fluid 
coming  from  the  upstream  pipe  Here,  a  hot  wire  located 
along  the  pipe  axis  would  continuously  record  very  nearly 
the  peak  velocity  2 <  L  '  >  in  the  upstream  parabolic  distribu¬ 
tion.  w liereas  dow nstreani  of  this  point,  it  would  simply  re¬ 
cord  continuously  the  lower  velocity  corresponding  approx¬ 
imately  to  i dy'd-\' 1  L  1 

Now  we  may  note  a  few  vagrancies  of  this  flow  Under 
nominally  identical  circumstances,  the  velocity  trace  would 
sometimes  deviate  in  shape  fiom  that  shown  in  Fig.  2.  For 
example,  the  time  spent  in  any  cycle  in  each  of  the  two  states 
discussed  above  could  be  unequal  (i.e.,  the  duty  cycle  of  the 
signal  of  Fig  2  would  be  different  from  0. 5 1;  or,  the  velocity 
would  not  be  constani  in  the  upper  and  lower  states  but  very 
gradually  isee.  for  example,  the  lowest  trace  in  Fig.  3).  Some¬ 
times.  the  small-scale  oscillations  superposed  on  the  upper 
state  isee  the  lowest  trace  of  Fig.  3l  would  not  be  easily  dis¬ 
cerned.  We  found  that  small  levels  of  turbulence  or  some 
asy  mmetric  constraints  imposed  at  the  expansion  would  des¬ 
troy  the  phenomenon  or  alter  it  to  varying  degrees.  The  ex¬ 
traordinary  sensitivity  of  the  phenomenon  to  these  various 
details,  and  the  narrow  range  of  Rey  olds  number  within 
w  nich  it  seems  to  occur  unless  special  care  is  taken,  may  well 
explain  why  it  has  not  been  noticed  before.  However,  we 
believe  that  it  is  not  an  uncommon  phenomenon  altogether; 
for  example,  something  similar  could  be  occurring  down¬ 
stream  of  a  sharp  orifice  in  enclosed  flow  measuring  devices. 

Finally,  we  might  mention  the  practical  relevance  of  the 
sudden  expansion  configuration  in  the  context  of  ram  jets 
and  dump  combustors. 
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FIG  4  Artificially  triggered  oscillations  at  x/d ,  =  4.5  In  (a)  the  oscilla¬ 
tions  eventually  decay,  while  in  |bl,  they  build  up  to  a  self-sustained  state.  In 
ci.  they  grow  initially  to  a  saturation  amplitude  and  then  decay  abruptly 
before  growing  again  The  cycle  repeats  indefinitely  Timescale  from  left  to 
right  of  figure,  50  sec 


FIG.  .1  Development  and  growth  of  the  oscillations  along  the  pipe  .ms 
downstream  of  expansion.  Front  top  to  bottom,  the  oscillograms  corre¬ 
spond  to  x/d.  =  5  8,7,  8,  9.  10.  and  22.  respectively  Signals  low  -pass  fil¬ 
tered  to  10  Hr  Unfiltered  signals  at  x/d.  of  5  8  and  7  arc  no  different  from 
the  filtered  ones;  at  other  x/d..  however,  the  signals  do  develop  an  increas¬ 
ingly  higher  frequency  content  Time  scale,  from  left  to  right  of  figure.  4  sec 


Figure  3  is  a  record  of  the  development  and  growth  of 
the  oscillations  along  the  pipe  axis.  It  is  immediately  clear 
that  they  are  not  the  result  of  oscillations  in  mass  flux  Ifor,  if 
they  were,  they  should  be  seen  with  nearly  the  same  ampli¬ 
tude  everywhere  axially),  but  must  be  characteristic  of  an 
instability  of  the  oncoming  flow.  For  x/d2  5  4,  no  natural 
oscillations  are  seen;  they  can  however  be  excited  artificially 
by  giving,  for  example,  an  impulsive  but  small  motion  to  the 
hot-wire  probe.  This  is  sufficient  to  trigger  oscillations  (aris¬ 
ing  probably  from  probe-flow  interactions)  which  may  ei¬ 
ther  decay  with  time  [Fig.  4(a)],  or  grow  into  self-sustained 
state  [Fig.  4(b)]  depending  probably  on  the  initial  amplitude 
of  the  impulse  and  the  precise  location  of  the  probe  in  the 
flow.  In  certain  cases,  the  oscillations  grow  to  a  saturation 
amplitude,  decay  abruptly  to  smaller  amplitude,  and  build 
up  again  [Fig.  4(c)], 


To  better  determine  the  nature  of  these  oscillations,  we 
set  up  a  simple  flow  visualization  experiment  in  water.  To 
eliminate  the  possibility  that  the  dye-introducing  device 
placed  upstream  of  the  expansion  would  produce  enough 
disturbances  to  destroy  the  flow  oscillations,  we  introduced 
the  dye  at  the  inlet  to  the  smaller  pipe  itself  upstream  of  the 
contraction  (as  in  the  original  experiments  of  Reynolds2). 
The  contraction  (area  ratio  ~  150)  would  damp  out  the  dis¬ 
turbances  produced  by  the  dye-injecting  needle  to  sufficient¬ 
ly  small  magnitude  so  as  not  to  be  disruptive  to  the  process 
that  resulted  in  the  oscillations  in  the  first  place. 

The  dye  streak  downstream  of  the  expansion  would  re¬ 
main  straight  and  smooth  for  x/d2  of  the  order  of  about  5. 
apparently  unaffected  by  the  expansion.  Thereafter,  it  would 
develop  rapidly  growing  oscillations  [see  Fig.  5(a)  and  com¬ 
pare  with  Fig.  3],  and  would  abruptly  break  down  at  some 
point  depending  on  the  Reynolds  number;  when  this  break¬ 
down  occurred,  the  dye  filled  the  entire  pipe  crosssection 
downstream,  suggesting  that  the  breakdown  and  the  reat¬ 
tachment  of  the  oncoming  flow  occur  essentially  simulta¬ 
neously.  Just  as  abruptly,  however,  the  reattachment 
'‘point”  would  move  back,  only  to  return  to  its  original  loca¬ 
tion,  resulting  in  an  essentially  periodic  back  and  forth  oscil- 
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Some  Studies  of  Non-Simple  Pipe  Flows 

K  R  SREEMVASAN 


.v.'MMARi'  A  variety  oi  phenomena  occurs  ir.  pipe  flews,  especially  if  we  stray  away  from  straight  circular  pipes  cf 
uniform  crosssection.  This  paper  illustrates  a  few  the  tempi exi ties  arising  fro™  twe  relatively  simple  changes 
in  geon.i't  r.  ,  name  1  v ,  the  sudden  expansi..-  and  thv  .  i:*.,:  of  a  circular  pipe. 

1  IN  I  KCDL’CTION 


Pipe  flows,  far  from  being  well-understood  and  dull, 
are  very  complex  and  highly  interesting,  and  ten  show 
unexpected  behaviours.  Consider  as  an  example  a  lew 
speed,  constant  temperature,  adiabatic  flow  in  i  long 
round  pipe.  The  flow  may  be  l.imnir  v  t  i.  .  .  .  •! 

hooks  assert  that,  in  a  region  su  :  :  i .  ;  *-n  t  .  y  •.  r 
r  rom  the  entrance,  the  static  pressure  varies  I  incur  I v 
with  the  axial  distance.  Measurements,  on  tue  other 
nand,  show  that  for  air  flow  in  a  long,  straight  md 
thin  tube  (say,  6  mm  diameter,  4000  di.im.  icrs  1  on,-  •  , 
manometers  located  at  equal  intervals  along  the  pipe 
length  do  not  show  equal  readings;  they  increase  with 
increasing  downstream  distance.  (For  trie  specific  ex¬ 
ample  chosen,  and  for  a  turbulent  flow  at  a  Reynolds 
number  of  the  order  of  10,000,  the  manometer  reading 
over  the  last  100  diameters  may  be  nearly  twice  as  high 
as  that,  say,  between  300  and  <00  d  i.imeU- j  .*» .  >  lurii.ti, 
the  wall  shear  stress  is  not  simply  prnportion.il  i«»  the 
pressure  drop. 

This  seemingly  puzzling  observation  is  not  hard  to 
understand,  however.  Without  going  into  details  (which 
can  be  worked  out  rather  simply),  we  may  note  that, 
when  the  pipe  is  long  and  the  axial  pressure  drop  is 
substantial,  the  absolute  pressure  at  the  pipe  entrance 
will  have  to  be  significantly  higher  than  ar.  the  exit. 
In  the  present  example,  the  pressure  difference  oetween 
the  entrance  and  the  exit  will  be  of  the  order  of  one 
atmosphere.  This  gives  rise  to  a  substantial  change  in 
air  density.  With  density  a  decreasing  function  of  the 
axial  distance,  the  flow  will  have  to  accelerate  con¬ 
tinuously,  thus  accounting  for  the  observed  behaviours. 
Thus,  the  classical  notion  of  a  linear  pressure  drop 
in  a  long  pipe  is  exact  (for  gases)  only  in  the  limit 
of  negligible  pressure  drop! 

This  is  but  one  example  of  unsuspected  behaviour.  In 
the  remainder  of  this  paper,  we  shall  discuss  some 
intriguing  phenomena  arising  from  two  simple  changes 
in  pipe  geometry,  n/imrly,  Lhu  xiw!<l<*n  cxp.ntM  i  on  -nul  Liu 
coiling  ot  a  circular  pipe.  Wc  bluil  I  nul  dwell  at  .ill 
on  the  complexities  associated  with  flow  of  non-Newton¬ 
ian  fluids. 

2  SUDDENLY  EXPANDING  PIPES 

Consider  a  sudden  expansion  in  a  circular  pipe  shown  in 
figure  1.  Different  phenomena  occur  in  different  ranges 


of  parameter  space,  where  the  chief  governing  para¬ 
meters  are  the  Reynolds  number  Re,  the  axial  distance 
>.  and  the  conditions  upstream  of  the  expansion.  Here, 
,«il  Reynolds  numbers,  unless  specified  otherwise,  will 
oe  based  on  the  diameter  D  of  the  downstream  section 
md  t!ie  n<i  1  k  average  velocity  there.  The  origin  for  the 
uywns  l  re  j:;i  distance  will  be  at  the  expansion  itseli. 

All  results  in  this  section  refer  to  a  diameter  ratio 
of  2.  Exceptions  will  be  noted. 

2.1  The  Oscillatory  Flow  Regime 

2.1a  The  Phenomenon:  A  hot  wire  located  on  the  centre¬ 
line  of  the  pipe  some  distance  downstream  of  the  ex¬ 
pansion  will  register,  in  a  certain  range  of  Re  and 
for  sufficiently  smooth  upstream  conditions,  oscilla¬ 
tions  of  the  type  shown  in  figure  2,  with  amplitudes 
typically  comparable  lo  the  average  velocity  m  l  I » e 
downstream  section.  These  oscillations  are  remarkable 
for  their  regularity  and  general  repeatability  (provi¬ 
ded  some  care  is  taken,  see  below). 


Figure  1  Schematic  experimental  configuration 
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Figure  2  Oscillations  seen  by  a  hot-wire  located  on 
the  pipe  axis  at  x/D  *  11.  Re  •  750,  d  ■  0.635  cm,  L^* 
425  d.  The  uppermost  trace  is  the  unfiltered  signal, 
the  mid-trace  is  low-pass  filtered  below  10  Hz,  the 
lowermost  trace  being  high-pass  filtered  above  10  Hz. 
Most  of  the  fluctuations  seen  in  the  last  trace  are 
below  500  Hz.  Time  scale:  from  left  to  right  of  figure, 
5  sec  . 
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These  oscillations  have  several  interesting  properties. 
First,  they  appear  when  Re  reaches  a  value  of  the  order 
of  750,  with  the  upper  Reynolds  number  limit  depending 
strongly  on  the  degree  of  smoothness  of  the  flow  up¬ 
stream  of  the  expansion.  If  the  entrance  conditions  to 
the  upstream  pipe  are  sufficiently  smooth  -  say,  in  a 
qualitative  way,  smooth  enough  for  the  1  atnin  *r- tu  rbu  lent 
transition  there  to  be  delayed  until  an  upst  earn  pipe 
Reynolds  number  of  the  order  of  7500  is  reached  -  the 
oscillatory  phenomenon  seen  in  figure  2  persists  until 
an  Re  of  around  t500.  For  less  smooth  conditions,  the 
Reynolds  number  window  shrinks,  and  the  oscillations 
mav  diaappear  altogether  for  certain  conditions.  In  fact, 
if  small  levels  of  disturbance  are  artificially  created 
just  upstream  of  the  expansion,  or  if  the  tube  is 
squeezed  hard  asynmet rical ly  at  the  expansion,  the  osci¬ 
llations  are  disturbed  rather  strongly.  They  can  even 
be  controlled  at  will:  for  the  conditions  of  figure  2, 
inserting  a  0.24  mm  diameter  needle  along  a  diameter 
through  a  hole  carefully  drilled  just  upstream  of  the 
expansion  destroys  the  oscillations  completely;  remov¬ 
ing  the  needle  and  resealing  the  hole  restores  them 
exactly.  (The  Reynolds  number  based  on  the  maximum 
velocity  in  the  upstream  section  and  the  needle  diameter 
is  approximately  50.  The  vortex  shedding  behind  this 
needle,  which  we  did  indeed  observe,  perhaps  creates 
enough  asymmetry  in  the  flow  to  prevent  the  oscillat¬ 
ions  from  being  formed.  A  slightly  thinner  needle,  say, 
of  0.17  mm  diameter,  does  not  affect  the  oscillations, 
presumably  because, its  Reynolds  number  of  35  being  low¬ 
er  than  the  critical  value  of  about  40  (Kova^znav  19-9), 
no  vortex  shedding  appears.)  Some  further  observations 
on  this  flow  can  be  found  in  Sreenivasan  &  Strykowskv 
(1983a). 


x/D  =  5.8 


2.1b  In  search  of  an  explanation:  How  do  these  osci¬ 
llations  arise  and  what  physical  phenomenon  do  they 
represent?  A  partial  answer  can  be  seen  from  figure  3 
which  records  the  development  and  growth  of  oscillations 
along  the  pipe  axis.  It  is  immediately  clear  that  they 
do  not  represent  oscillations  in  mass  flux  ‘tor,  if 
they  did,  oscillations  should  have  been  seen  with 
nearly  equal  intensity  at  all  x/D;  but,  rather,  may  bo 
representative  of  the  instability  developing  downstream 

—  *  '"n  ovnatuunn. 

For  further  clarification,  we  set  up  a  simple  flow 
visualization  experiment  in  water.  An  initial  problem 
wa6  that  any  dye-introducing  device  placed  upstream  of 
the  expansion  would  produce  enough  disturbance  to 
destroy  the  flow  oscillations.  However,  a  dye  streak 
introduced  at  the  inlet  to  the  upstream  pipe  itself 
(much  as  in  the  original  experiments  of  Reynolds , 1 883 ) 
served  our  purpose  quite  well.  The  large  area  ratio  of 
the  contraction  (=150)  damped  c-t  the  disturbances 
produced  by  the  dye- in j ec t ing  needle  to  sufficiently 
small  values  so  as  not  to  be  disruptive  to  tKe  process 
that  resulted  in  the  osc i 1  la t  ions  in  the  first  place. 

We  may  summarize  our  flow  visualization  results  as 
follows.  The  dye  streak  downstream  of  the  expansion 
would  remain  straight  and  smooth  for  x/D  of  the  order 
of  5,  apparently  unaffected  by  the  expansion.  There¬ 
after,  depending  on  the  precise  value  of  the  Reynolds 
number  (as  long  as  it  exceeded  a  'critical'  value  of 
about  7501  it  would  develop  rapidly  growing  oscillat¬ 
ions  (see  figure  -*a  and  compare  it  with  figure  3),  and 
would  abruptly  break  down  at  some  point;  when  this 
break-down  occurred,  the  dye  filled  the  entire 
pipe  crosssection  downstream,  suggesting  that  the 
break-down  and  reattachment  of  the  oncoming  flow  occur 
essentially  simultaneously.  Just  as  abruptly,  however, 
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Figure  4  Flow  visualization  results  for  Re  • 
(a),  the  break-down  of  the  oncoming  dye-street, 
downstream  of  the  mark  indicated  bv  the  arrew, 
in  (b),  this  break-down  occurs  upstream  c: 

In  (c) ,  it  is  seen  that  the  neecle  p 1  ,u  < a  . 
the  expansion  anchors  the  break-dour 
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Figure  3  Development  and  growth  oi  s  ; 1  a  t  . 
pipe  axis  downstream  of  the  expansion  i,  .  s 
pass  filtered  to  10  Hz.  I'nfil  tered  »;*-.*:*  . 
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centre-line  velocity  in  the  smaller  pipe,  while  the 
lower  level  approximately  to  the  average  velocity  chat 
would  result  if  the  flow  coming  out  of  the  smaller  pipe 
filled  the  entire  downstream  pipe  uniformly.  Further, 
it  may  be  seen  that  (cf.  the  uppermost  trace  of  figure 
2)  the  upper  velocity  level  is  essentially  laminar- 
like,  while  the  lower  one  is  turbulent-looking,  ref¬ 
lecting  the  fact  that  the  lower  level  in  the  oscillat¬ 
ions  of  figure  2  represents  a  turbulent  situation 
downstream  of  reattachmenc . 

Why  does  Che  reattachment  point  move  back  and  forth  so 
regularly?  The  answer  lies  probably  in  the  complex 
interaction  between  the  stability  of  the  velocity 
field  downstream  of  the  expansion  and  the  oscillatory 
pressure  field  further  downstream.  At  this  point,  our 
knowledge  of  the  process  is  meagre,  but  a  possible 
(necessarily  speculative)  explanation  follows. 

The  velocity  distribution  downstream  of  the  expansion 
would  be  nearly  parabolic  in  the  core,  but  surrounded  by 
a  region  of  reverse  flow.  The  resulting  complex  velo¬ 
city  distribution  has  several  inflexion  points,  and  is 
obviously  prone  to  instabilities  which  are  quite  possib¬ 
ly  excited  in  phase  by  the  downstream  pressure  field, 
thus  providing  the  mechanism  for  the  regularity  of  the 
oscillations.  These  instabilities  grow  and  eventually 
lead  to  the  break-down  of  the  flow  at  some  point  down¬ 
stream.  When  this  occurs,  the  turbulence  that  develops 
and  the  consequently  increased  pressure  drop  would  shift 
the  reattachment  point  upstream.  One  may  surmise  that 
this  upstream  shift  of  the  reattachment  point  would 
restore  the  stability  of  the  flow  by  altering  the  velo¬ 
city  distribution  just  enough,  so  that  the  reattachment 
point  would  now  move  downstream  to  its  original  posi¬ 
tion.  This  self-perpetuating  act  repeats  itsef  indefi¬ 
nitely. 

Inserting  a  small  needle  slightly  upstream  of  the  ex¬ 
pansion  (see  figure  4c  where  the  head  of  the  needle  can 
be  seen),  which  in  the  case  of  air  experiments  had  the 
effect  of  destroying  the  oscillations,  always  resulted 
in  a  premature  break-down  and  reattachment  of  the  flow 
at  around  x/D  of  4.  Disturbances  due  to  the  needle  up¬ 
stream,  or  any  other  artificially  created  disturbance, 
would  hasten  the  break-down  by  bypassing  the  normal 
oscillatory  growth  stage,  and  anchor  the  so  well  the 
reattachment  point  at  around  x/D  «4  that,  upstream  of 
this  point,  the  flow  would  simply  be  a  laminar  'jet1 
of  fluid  coming  from  the  upstream  pipe  —  here,  a  hot- 

x/d  -  24 


Figure  5  Oscillograms  along  the  centre-line  downstream 
of  the  expansion.  Re  •  2200. 
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wire  on  the  pipe  axis  would  continuously  record  very 
nearly  the  peak  velocity  in  the  upstream  pipe  -  whereas 
downstream  of  this  point,  it  would  simply  record  con¬ 
tinuously  the  lower  velocity  corresponding  approximately 
to  that  after  reattachment.  This  is  essentially  why  no 
oscillations  were  seen  by  the  hot-wire. 

2.2  The  Puff  Region 

Further  downstream  of  the  expansion,  the  smoothness  or 
otherwise  of  the  flow  in  the  upstream  pipe  becomes  ir¬ 
relevant,  and  the  Reynolds  number  and  the  downstream 
distance  become  the  only  relevant  parameters.  The  down¬ 
stream  evolution  of  the  flow  for  a  fixed  Reynolds  num¬ 
ber  of  2200  is  shown  in  figure  5.  The  flow  is  fully 
turbulent  at  x/D  of  24,  where  the  uppermost  trace  was 
obtained.  With  increasing  distance,  the  signal  is  seen 
to  build  up  in  isolated  regions  while,  at  the  same  time, 
che  general  level  of  turbulence  slowly  diminishes  else¬ 
where  (see  the  middle  two  traces).  Eventually,  one  has 
(as  in  the  lowest  trace  of  figure  5)  nearly  perfect 
laminar  regions  interspersed  with  characteristic 
signatures  of  structures  known  as  puffs  (Wygnanski  5 
Champagne,  1973).  Figure  6  presents  che  complementary 
information,  namely,  the  flow  evolution  with  increasing 
Reynolds  number  at  a  fixed  x/D  of  144.  Below  an  Re  of 


Figure  6  Oscillograms  on  pipe  center-line.  x/D  »  144 
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Figure  7  Boundaries  between  the  turbulent,  puff  and 
relaminarixing  regimes  downstream  of  a  sudden  expansion. 
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about  2000,  the  flow  is  entirely  laminar;  considering 
that  the  expansion  renders  the  Clow  downstream  of  it 
turbulent  irrespective  of  whether  the  oncoming  flow  is 
turbulent  or  not,  the  above  observation  simply  means 
that  the  flow  is  completely  relaminarized  for  Re  £2000 
(see  section  2.3).  With  increasing  Reynolds  numbers, 
puffs  begin  to  appear  more  and  more  frequently,  until 
eventually  (for  all  practical  purposes,  beyond  an  Re  of 
2700)  a  fully  turbulent  flow  results  from  the  inter¬ 
action  and  conglomeration  of  puffs. 

By  obtaining  similar  traces  at  different  x/D,  one  can 
construct  a  map  marking  boundaries  between  the  turbu¬ 
lent,  puff  and  relaminarizing  regimes  (see  figure  7). 
Similar  maps  have  been  constructed  before  for  other 
cases  by  Wygnanski  &  Champagne  (1973)  and  Champagne  & 

He  11  and  (1978).  The  map  is  self-explanatory  in  the 
region  x/D  2  100.  In  the  region  marked  'incipient 
puffs?,'  one  cannot  see  a  distinct  puff-like  structure, 
but  can  recognise  something  similar  (see  the  second 
trace  from  above  in  figure  3)  which  will  evolve  into 
puffs  further  downstream.  Turbulence  level  downstream 
of  the  expansion  seems  always  to  decrease  for  a  certain 
initial  distance;  whether  it  continues  to  decay  or  not 
depends  on  the  Reynolds  number.  Crosses  in  the  figure 
indicate  the  x/D  positions  where  the  minimum  in  the 
mean-square  level  of  turbulence  occurs  for  a  given  Re. 
The  line  joining  the  crosses  thus  demarcates  the  region 
of  decaying  turbulence  to  its  left  from  that  of  in¬ 
creasing  and  stable  levels  of  turbulence  to  its  right. 

It  is  known  that  puffs  once  formed  may  either  merge 
with  each  other  or  split  to  form  more  than  one  (Uygnan- 
ski  ec  al.,  1973),  depending  on  the  Reynolds  number.  An 
equilibrium  puff  is  one  that  does  neither,  and  sustains 
itself  indefinitely;  it  occurs  around  an  Re  of  2200.  In 
structure,  an  equilibrium  puff  consists  probably  of 
several  toroidal  vortices  (Rubin  ec  al.,  1980),  and  its 
occurrence  fallows  a  Poisson  distribution  rather  well. 
Recently,  Bandyopadhyay  1  Hussain  (1983)  seem  to  have 
identified  the  regeneration  mechanism  Chat  allows  the 
equilibrium  puff  to  survive  indefinitely  in  spite  of 
the  continually  occurring  turbulent  energy  dissipation. 
It  appears  that  when  the  laminar  flow  from  upstream  of 
a  puff  enters  it  —  figures  5  and  6  show  that  the  puffs 
are  relatively  slow  moving  and  have  sharp  upstream  in¬ 
terface  —  rather  well-organized  vorticity  is  generated 
(much  at  in  an  axisymmetric  jet)  which  breaks  up  into 
small-scale  turbulence  subsequently.  In  the  incipient 
stage,  one  surmises  that  this  same  process  of  regene¬ 
ration  must  gradually  start  to  occur  after  being 
initiated  via  statistical  fluctuations. 

2.3  Relaminarizing  Regime 

For  Re  i  2000,  the  measured  metn  velocity  profiles 
acquire  increasingly  laminar-like  shape  with  increasing 
downstream  distance.  One  expects  that  for  large  x/D, 
the  theoretical  Poiseuille  flow  will  be  established 
asymptotically.  At  any  station  downstream  of  the  ex¬ 
pansion  where  the  measured  velocity  distribution  u(x,r) 
—  r  being  the  radial  distance  from  the  centre-line  — 
has  not  quite  reached  its  asymptotic  shape,  one  can 
write: 


u(x,r)  -  u.(r)  ♦  cuf(x,r)  ♦  0(c«), 
v(x,rj  -  cv  (xjr)  ♦  0(c* ) , 
p(x,r)  -  Pq(x)  ♦,Ep) (x,r)  +  0(e»),  (1) 

where  Ug(r)  and  p.(x)  are  the  asymptotic  velocity  and 
pressure  distributions,  and  u^.v  and  p  are  the  depart¬ 
ures  of  the  axial  and  normal  velocity  components,  res¬ 
pectively,  and  of  the  pressure,  from  the  asymptotic 
distributions.  (Note:  v„  S  0.)  We  have  retained  only 
C-order  terms,  which  implies  that  (1)  can  be  expected 
to  hold  only  sufficiently  far  from  the  pipe  expansion 
where  departures  from  the  asymptotic  state  are  small. 

The  parameter  e  is  the  inverse  of  the  characteristic 
Reynolds  number  based  on  the  thickness  of  the  inner 


laminar  layer  developing  (in  some  asymptotic  sense) 
from  the  expansion  itself,  and  the  average  velocity  in 
the  pipe.  It  is  these  layers  that  grow  and  eventually 
merge  to  form  the  asymptotic  shape  of  the  velocity 
profile  (Narasimha  &  Sreenivasan,  1979),  the  process 
being  much  like  that  in  the  entrance  region  of  a  strai¬ 
ght  pipe  (Goldstein,  1938). 

For  the  fluctuations  too,  we  may  write: 

u'  -  cuj  ♦  o(e!);  v'-  evj  ♦  o(e2 ) ,  (2) 

the  expectation  being  that  in  the  asymptotic  state  the 
fluctuations  are  zero.  We  may  now  write  the  Reynolds 
shear  stress  T  as 

T  -  -u'v'  -  c^tuv)  -  cT[o(e2)]  ,  (3) 

where  c^  is  the  correlation  coefficient  ,  the  tilde 
denote  root-mean-square  values,  and  the  last  step  in 
(3)  follows  from  (2).  Measurements  show  that  during  re- 
laminarization  of  this  type,  not  only  do  the  fluctuat¬ 
ions  decay  with  distance  but  also  become  decorrelated 
(see,  for  example,  Badrinarayanan,  1968);  that  is,  c 
tends  to  zero  as  x/D  ■  or  E  ♦  0.  It  is  thus  reasonable 
to  take  c_  *  o(1),  so  that,  from  (3),  we  may  write 

T  *  o(e2 ) ,  (4) 


or,  that  T  is  higher  order  in  smallness  than  e1 .  Using 
(1),(2)  and  (4)  in  the  Reynolds  averaged  continuity  and 
momentum  equations,  we  obtain,  to  0(1): 


whose  solution,  as  expected,  is  the  classical  parabolic 
distribution.  To  order  £,  we  get: 


where  h  "r1 /a1,  and  £  *  *a/Re;  j„u 
n(3u./3n)  •  C  exp(-2XE)  Oin), 


(5) 


u,dn  »  0.  Putting 
o  1 

we  can  write  (5)  as: 


$"  +  X(1-n/n)<t>  •  0,  (&> 

.1 

with  $(0)  ■  0  and  /  <p  dn  ■  0.  Our  interest  is  in  the 
first  odd  eigenfunfition  and  the  corresponding  eigen¬ 
value  for  (6). 
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Figure  8  Exponential  approach  to  the  asymptotic 
state.  #,*,A:  sudden  expansion  data  from  Sibulkin 
(1962);  D/d  ■  4.3.  0,  gradual  expansion,  Laufer  (1962). 
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There  are  some  nice  consequences  of  this  analysis. 

First,  a  characteristic  value  of  u)t  say  u  which 
is  the  centre-line  value  of  u  ,  should  decayexponent- 
ially  with  x.  Figure  8  shows  this  to  be  true  to  a  good 
approximation.  Interestingly,  the  exponential  decay 
which,  by  virtue  of  having  retained  only  two  terms  in 
(1),  could  a  priori  have  been  expected  to  hold  only  for 
large  x/D,  holds  true  quice  close  to  the  expansion,  esp¬ 
ecially  for  low  Reynolds  numbers.  Second,  the  rate  at 
which  u(  decays  is  inversely  proportional  to  the 
Reynoldsmnumber.  (That  is,  if  u  ■v  exp  (-mx/a) ,  the 
product  mRe  should  be  a  constant  independent  of  Re.) 
Figure  9  shows  that  this  is  true  not  only  for  the  sudden 
expansion  case  but  also  for  gradual  expansions  and 
bifurcating  pipes.  Finally,  figure  10  shows  that  the  ex¬ 
perimentally  determined  distribution  of  u1/u,max  agrees 
quite  closely  with  the  approximate  eigenfunction  for  (6). 
Again,  the  theory  holds  for  x/D  as  low  as  8. 

3  FLOW  IN  HELICALLY  COILED  PIPES 

Flow  in  curved  pipes  —  which  encompasses  the  topic  under 
discussion —  has  been  a  subject  of  numerous  investigat¬ 
ions,  but  it  appears  that  even  some  of  the  gross  pheno¬ 
mena  have  not  been  understood.  Our  intention  here  is  not 
to  discuss  curved  pipe  flows  exhaustively  —  a  recent 
survey  by  Berger  et  al . ( 1983)  does  this  very  well  - 
hut  to  point  out  a  few  interesting  results. 
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Figure  9  The  product  mRe  in  relaminarizing  pipe  flows. 
Sudden  expansion:  8,  Sibulkin,  A,  present.  A,  gradual 
expansion,  Laufer.  ▼  ,  branching  pipe,  Lynn  4  Sreeniva- 
san  (1982). 


Consider  a  long  straight  section  of  a  smooth  pipe  follow¬ 
ed  by  a  coiled  section;  following  the  coil  is  another 
long  straight  section  (see  figure  11).  Several  phenomena 
we  want  to  discuss  are  related  to  the  question  of  tran¬ 
sitional  Reynolds  numbers  in  this  set-up,  and  we  shall 
mention  this  first. 

Since  we  made  no  special  attempt  to  keep  the  flow  in 
upstream  straight  section  unusually  disturbance-free, 
the  onset  of  transition  occurred  there  at  a  Reynolds 
number  of  about  2300.  Typically,  this  manifests  itself 
in  the  form  of  puffs,  and  transition  proceeds  with  in¬ 
creasing  Reynolds  numbers  much  as  in  figure  6.  As  deter¬ 
mined  from  intermictency  measurements,  transition 
to  turbulence  is  complete  around  an  Re  of  3200.  This 
holds  up  to  the  encrance  to  the  coil.  Once  inside  the 
coil,  the  nature  of  transition  depends,  even  at  a  fixed 
axial  distance  and  for  a  given  radius  ratio  (that  is, 
the  ratio  of  the  radius  of  the  pipe  to  the  radius  of 
curvature  of  the  coil),  strongly  on  the  precise  locat¬ 
ion  in  the  pipe.  It  is  not  easy  to  determine,  or  even 
define  convincingly,  the  onset  of  transition  to  turbu¬ 
lence  (although  a  preliminary  attempt  has  been  made  by 
Sreenivasan  A  Strykowsky,  1983b),  but  two  limiting 
situations  can  be  defined  relatively  unambiguously:  the 
upper  Reynolds  number  limit  for  the  existence  of  a  ste¬ 
ady  laminar  flow  (’steady  laminar  limit’)  and  the  lower 
Reynolds  number  limit  at  which  the  flow  is  turbulent 
everywhere  in  a  given  crotssection  of  the  curved  pipe 
(’turbulent  limit’).  Notice  that  in  the  special  case 
of  the  straight  pipe  the  steady  laminar  limit  coincides 
with  the  onset  of  transition  to  turbulence;  of  course, 
the  turbulent  limit  retains  its  meaning  throughout 
of  the  completion  of  transition  to  turbulence. 

Figure  12  shows  both  steady  laminar  and  turbulent  limits 
for  the  set-up  shown  in  figure  11.  (The  data  correspond 
to  a  pipe  which  was  173  diameters  long  upstream  of  the 
coil,  had  20  1 / 2  turns  in  the  coil  and  was  937  diameters 
long  in  the  downstream  straight  section.  The  diameter 
2a  was  0.635  cm,  and  the  radius  ratio  a/R  was  0.058. 

The  fluid  was  sir.  All  transitional  Reynolds  number 
data  were  determined  with  a  hot-wire.)  One  effect  of 
the  coil  is  to  incresse  both  the  steady  laminar  and 
turbulent  limits  up  to  the  end  of  about  three  turns  or 
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Figure  10  A  comparison  with  theory  of  the  departure  of 
the  measured  distribution  from  the  asymptotic  parabolic 
profile.  Sibulkin:  0,  x/D  *  8;  A,17;q,35.  Present:  •, 
x/D  •  17.5. 
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Figure  11  Schematic  of  the  experimental  set-up. 


600or  | 

I”/, 


FULLY  TURBULENT 


STEADY  LAMINAR 


0  J  10  1*  20  >/2o 

Number  o *  turns  into  hetu 

Figure  12  The  steady  laminar  and  turbulent  Reynolds 
number  limits  for  the  set-up  shown  in  figure  11. 
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so;  thereafter,  some  asymptotic  state  seems  to  have 
been  reached.  In  this  asymptotic  state,  the  flow  re¬ 
mains  laminar  and  steady  for  Reynolds  numbers  up  to 
about  4800,  and  does  not  become  fully  turbulent  until 
an  Re  of  7900  or  so  is  reached;  clearly,  the  gap  bet¬ 
ween  the  two  curves  is  larger  inside  the  coil  than  that 
at  the  entrance  to  the  coil.  Perhaps  surprizing  is  the 
behaviour  downstream  of  the  coil:  while  the  turbulent 
limit  drops  as  expected,  the  steady  laminar  limit  does 
not,  but  stays  approximately  at  the  same  elevated  level 
as  in  the  coiled  section.  In  other  words,  the  onset  of 
turbulence  has  been  permanently  raised  to  an  Re  of 
4800  in  contrast  to  about  2300  in  the  upstream  section! 

Why  does  the  flow  remain  steady  and  laminar  for  higher 
Reynolds  numbers  in  the  coiled  section  than  it  usually 
does  in  the  upstream  straight  section?  Can  the  asymp¬ 
totic  values  of  the  two  limiting  Reynolds  numbers  be 
increased  indefinitely?  What  makes  the  flow  remain 
steady  and  laminar  for  Reynolds  numbers  as  high  as  it 
does  in  the  downstream  straight  section?  Can  that  too 
be  increased  indefinitely?  These  are  some  of  the  obvi¬ 
ous  questions  that  come  to  our  mind.  In  what  follows, 
we  shall  attempt  at  least  partial  answers  to  these 
questions  drawing  largely  from  our  continuing  study  of 
this  flow. 

3.1  Stabilization  Effects  and  Relaminarization 

Within  the  coil,  the  flow  near  the  inside  wall  sees  a 
convex  curvature  whose  effect  has  long  been  known  to  be 
stabilizing.  However,  the  concave  curvature  associated 
with  the  outside  wall  is  known  to  be  destabilizing,  and 
so,  the  explanation  for  the  net  stabilization  effect 
observed  in  the  present  circumstances  is  a  bit  subtle. 
The  clue  lies  in  the  behaviour  of  the  mean  velocity 
distribution.  Essentially  because  of  the  centrifugal 
forces,  che  peak  of  the  velocity  in  the  plane  of  the 
helix  moves  to  the  outside;  typically  for  a  radius  ratio 
of  about  0.058,  the  peak  occurs  at  a  distance  from  the 
outer  wall  of  a  tenth  of  the  pipe  diameter.  Over  the 
bulk  of  the  profile  from  the  inside  to  the  peak,  the 
sense  of  che  mean  flow  vorticity  is  the  same  as  the 
'angular  velocity'in  che  pipe,  so  that,  by  Rayleigh's 
criterion  —  for  a  statement  of  the  criterion  most 
appropriate  in  the  present  context,  see  Coles  (1965)  — 
the  flow  is  stable.  There  is  however  a  small  region 
near  the  outside  wall  where  the  mean  vorticity  and  Che 
'angular  velocity'  vectors  are  oppositely  aligned.  But 
this  region  is  quite  thin  for  fairly  large  curvatures, 
and  che  governing  instability  there  is  of  the  boundary 
layer  type.  This  'boundary  layer'  too  will  be  stable 
unless  the  Reynolds  number  based  on  its  thickness  is 
above  the  appropriate  critical  value;  then  and  only 
then  will  the  onset  of  instability  and  possible  tran¬ 
sition  to  turbulence  occur.  This  explanation,  in  spirit 
due  essentially  to  Lighthill  (1970),  cannot  be  complete 
because  of  the  three-dimensionality  of  the  velocity 
field  but  appears  very  reasonable. 

One  consequence  of  these  stabilization  effects  is  that, 
in  a  certain  Reynolds  number  range  (for  the  conditions 
of  figure  12,  2300  i  Re  i  4800),  a  turbulent  flow  enter¬ 
ing  the  coil  can  be  expected  to  become  laminar  at  some 
point  in  the  coil.  That  does  indeed  happen,  at  can  be 
teen  from  che  oscillograms  of  figure  13.  The  flow, which 
begins  its  journey  in  a  fully  turbulent  state  at  the 
inlet  to  the  coil,  has  become  completely  laminar  by 
about  two  turns  in  the  coil.  In  fact,  near  the  inside 
surface,  the  flow  has  lost  most  of  its  turbulent 
characteristics  only  half  a  turn  into  the  coil! 

3.2  Radius  Ratio  and  Other  Effects 

We  set  up  several  coiled  pipe  flows  in  order  to  deter¬ 
mine  the  effect  of  radius  ratio  on  the  asymptotic  values 
of  the  steady  laminar  and  turbulent  limits  discussed 
with  respect  to  figure  12.  Since  the  parasMter  govern- 
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Figure  13  Typical  oscillograms  of  hot-wire  traces 
during  relaminarization.  Re  *  3450.  a/R  -  0.058.  The 
numbers  marked  in  the  middle  of  che  figure  correspond 
to  the  number  of  turns  into  the  coil. 
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Figure  14  Asymptotic  values  of  the  limiting  Dean 
numbers  in  the  coiled  section,  measured  at  the  end  of 
20  turns  for  all  radius  ratios. 

ing  the  dynamic  similarity  in  curved  pipes  is  the  so- 
called  Dean  number  (White,  1929), 

De  -  Re(a/R)°‘5,  (7) 

the  data  obtained  were  plotted  (see  figure  14)  as  the 

limiliitK  i  Its*  nitlitiM  i  ll  in  a / R  .  It 

is  a  veil  lliuL  i  lie  liuuL»i»n  Uuuii  number  to  (whose  Meaning 
is  the  same  as  that  of  the  asymptotic  limiting  Reynolds 
numbers  of  figure  12)  increase  with  increasing  tightness 
of  the  coil  until  an  a/R  of  0.04.  Thereafter,  we  note 
chat  steady  laminar  flow  cannot  be  found  for  Dean  nusi- 
bers  above  about  1100,  however  large  the  radius  ratio. 
(This  constancy  in  the  steady  laminar  limit  for  the 
Dean  number  actually  italics  a  decrease  in  che  corres¬ 
ponding  Reynolds  number  for  increasingly  larger  a/R; 
see  aquation  (7).)  On  the  other  hand,  the  turbulent 
limit  appears  to  increase  monotonically  (in  terms  of 
both  the  Dean  and  Reynolds  numbers)  with  the  radius 
ratio. 

If  we  replot  the  data  of  figure  14  in  terms  of  Reynolds 
numbers  instead  of  Dean  numbers  (Srecnivasan  4  Stry- 
kowski,  1983b),  it  can  be  seen  that  the  lower  curve  of 
figure  14  shows  a  peak  for  a/R  of  0.039  and  Re  of  $400. 
This  simply  means  that  the  most  stable  conditions 
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Figura  16  Transitional  Reynolds  numbers  in  a  'heat- 
exchanger-  type'  pipe  configuration  shown  in  the  inset. 

process  in  the  upstream  straight  section  with  no 
specially  smooth  inlet,  and  is  marked  by  the  appear¬ 
ance  of  the  so-called  slugs  (in  contrast  to  puffs  up¬ 
stream)  which  are  regions  of  turbulence  filling  the 
entire  pipe  section  comparable  in  length  to  the  pipe 
length  itself,  characterized  by  relatively  sharp  lami¬ 
nar-turbulent  interfaces  at  both  the  front  and  back 
ends.  (For  a  discussion  of  slugs,  see,  for  example, 
Pantulu( 1962) ,  Lindgren  (1969),  Wygnanski  6  Champagne 
(1973),  etc.) 

4  SOME  OTHER  EXAMPLES 

In  addition  to  the  two  non-simple  pipe  flows  discussed 
in  the  previous  sections,  we  have  also  examined  in 
varying  degrees  of  detail: 

(a)  pipe  flow  with  a  right  angle  bend, 

(b)  pipe  flows  which  bifurcate  into  two  equal 
or  unequal  branches,  and 

(c)  typical  heat  exchanger  pipes  in  which  the 
flow  reverses  direction  every  half  a  turn;  sec  inset 
to  figure  16. 

In  engineering  practice,  these  and  other  configurations 
are  widely  used.  Several  important  gross  paraeieters 
have  been  measured  for  a  long  titM,  and  a  number  of 
working  engineering  correlations  relating  to  their 
performance  have  been  in  existence  also  for  s  long 
time.  But  a  more  detailed  look  at  any  of  these  confi¬ 
gurations  reveals  many  interesting  and  unexplored 
(scots.  (Sec,  for  cxnmplo,  Tunstall  1  Harvey  (1969) 
for  a  very  curious  phenomenon  associated  with  sharp 
bends  in  fully  developed  pipe  flows.)  Perhaps,  wc  an- 
saying  nothing  but  at  Lusting  to  the  obvious  ruuliiy  ot 
the  fascinating  science  of  fluids! 

We  close  our  discussion  of  non-simple  pipe  flows  with 
some  data  on  the  transitional  Reynolds  numbers  measur¬ 
ed  in  an  exas^le  of  (c)  above.  Again,  we  have  plotted 
in  figure  16  the  two  limiting  Reynolds  numbers  (recall 
our  discussion  with  respect  to  flger*  12)  as  a  function 
of  pooitlMv  It  la  Seat  tkat  tha  two  limiting  Reynolds 
numbers  first  increase  for  the  first  hslf  a  turn  or  so, 
just  as  they  do  in  tha  coiled  pipes,  but  thereafter, 
follow  the  geometry  of  the  pipe  in  some  rough  sense.  The 
important  point  to  note  is  that  the  onset  and  completion 
of  transition  occur  around  the  saate  values  comnn  in 
straight  pipes  with  disturbed  inlet  conditions.  Clearly, 
this  fset  is  important  in  heat  exchangers  and  the  like 
where  it  is  no  surprise  to  find  this  configuration, 
rather  than  a  helically  coiled  pipe,  in  common  use. 
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On  the  scaling  of  the  turbulence  energy  dissipation  rate 

K.  R.  Sreenrvasan 
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(Received  29  November  1983;  accepted  23  February  1984) 

From  an  examination  of  all  data  to  date  on  the  dissipation  of  turbulent  energy  in  grid  turbulence, 
it  is  concluded  that,  for  square-mesh  configuration,  the  ratio  of  the  time  scale  characteristic  of 
dissipation  rate  to  that  characteristic  of  energy-containing  eddies  is  a  constant  independent  of 
Reynolds  number,  for  microscale  Reynolds  numbers  in  excess  of  about  30.  Insufficient  data 
available  for  other  grid  configurations  suggest  a  possibility  that  the  ratio  could  assume  different 
numerical  values  for  different  configurations.  This  persistent  effect  of  initial  conditions  on  the 
time  scale  ratio  is  further  illustrated  by  reference  to  the  jet-grid  data  of  Gad-el-Hak  and  Corrsin. 


It  has  long  been  believed,  essentially  on  dimensional 
grounds,  that  the  time  scale  of  the  energy  dissipation  rate  f  in 
fully  turbulent  flows  is  of  the  same  order  of  magnitude  as  the 
characteristic  time  scale  of  the  energy  containing  eddies  (ex¬ 


cept  where  the  effects  of  viscosity  are  directly  felt,  such  as 
near  a  smooth  wall).  Probably  the  only  direct  attempt  to  test 
this  notion  against  experiments  has  been  that  due  to  Batche¬ 
lor,'  who  plotted  the  quantity  eLf/u 1  (where  L,  is  the  longi- 
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FIG.  I .  The  quantity  tL,/u'  for  biplane  square-mesh  grids.  All  data  except 
+  are  for  the  initial  period  of  delay,  and  are  explained  in  Table  I.  +  indi¬ 
cate  typical  data  ”  in  the  final  period  of  decay.  —  corresponds  to  Eq.  1 1 ). 


tudinal  integral  scale,  and  u  is  the  root-mean-square  longitu¬ 
dinal  velocity  fluctuation)  against  the  distance  from  the  grid. 
He  concluded  that,  in  the  so-called  initial  period  of  decay, 
the  data  are  not  generally  inconsistent  with  the  above  expec¬ 
tation.  (Here,  u2/e  can  be  regarded  as  the  time  scale  of  dissi¬ 
pation,  and  Lf/u  as  that  characteristic  of  large  eddies.  While 
this  latter  quantity  is  not  directly  related  to  the  time  scale  of 
the  energy-containing  eddies,  the  difference  is  not  sufficient¬ 
ly  significant  to  mask  a  real  trend  if  it  exists.)  However,  the 
relatively  large  scatter  in  the  data  collected  by  Batchelor 
permits  one  to  speculate  a  weak  Reynolds  number  depen¬ 
dence  at  least  in  the  relatively  narrow  range  covered 
(14.4</?/(  <41,  where  RA  is  the  microscale  Reynolds  number 
based  on  u,  the  Taylor  microscale  2,  and  kinematic  viscosity 
v).  For  example,  Saffman2  has  pointed  out  that  a  logarithmic 
or  —  J  power  dependence  of  eLf/u '  on  RA  is  not  necessarily 
inconsistent  with  the  data.  The  point  at  issue  is  important, 
and  is  indeed  one  of  the  few  key  elements  of  a  “semirational 
turbulence  theory,”  and  so,  it  seems  desirable  to  examine  the 
question  in  the  light  of  much  more  recent  data  that  have 
become  available,  extending  over  a  wide  Reynolds  number 
range  and  a  variety  of  conditions.  This  is  the  main  purpose  of 
this  letter.  We  confine  ourselves  to  data  in  grid  turbulence 
(although  we  have  examined  shear  flows  also)  (see  Table  I). 
With  one  exception  (which  will  be  noted),  only  those  experi¬ 
ments  in  which  Lf  was  either  explicitly  supplied  by  the  auth¬ 
ors,  ^ 1 2  or  could  be  evaluated  by  us  via  their  measured  corre¬ 
lation  function  of  spectral  density,  have  been  considered. 

For  consistency,  we  define  e  =  —  $  U„(du2/dx),  with 
U0  as  the  mean  velocity  in  the  test-section,  even  when,  occa¬ 
sionally,  one  or  both  of  the  remaining  two  fluctuation  com¬ 
ponents  were  measured;  du2/dx  was  evaluated  from  the  best 
power  fit  possible  for  the  u2  data  in  the  initial  period  of  de¬ 
cay.  (On  those  occasions  where  the  authors  gave  a  ready 
number  for  e ,  we  have  always  cross-checked  it  with  the  origi¬ 
nal  data.) 

Figure  1  shows  all  the  data  for  biplane,  square-mesh 
grids.  It  is  clear  that  eLf/u ’  is  sensibly  independent  of  R,  for 
Rx  £  50  although,  for  lower  RA ,  there  seems  to  be  a  recogniz¬ 
able  trend. 


That  eLf/u''  could  depend  on  RA  for  small  RA  is  not 
surprising,  considering  that  the  constancy  of  eLf/u'  is  only 
an  asymptotic  expectation.  In  particular,  at  very  low  Reyn¬ 
olds  numbers  where  the  inertia  forces  are  weak,  such  as  in 
the  final  period  of  decay,  it  is  easily  shown  that 

eLf/u2'  =  (jt/2)i/:(15//?x),  (1) 

if  we  recall  the  relation  e  =  15 vu2/A  2  and  the  result1  that 
Lf/k  ~{it/2)112.  Typical  experimental  data  from  Bennett 
and  Corrsin,1'  shown  in  Fig.  1,  deviate  from  Eq.  (1)  because 
the  measured  values  of  Lf/A  are  higher  than  (7t/2)  1  /2  and 
increase  weakly  as  the  Reynolds  number  decreases. 

It  is  pertinent  here  to  make  reference  to  Rotta’s14  work. 
Rotta  assumed  that  the  spectral  energy  transfer  occurs  ac¬ 
cording  to  Heisenberg’s  theory,15  and  further  that  the  so- 
called  Loitsianskii  invariant  (see,  for  example,  Ref.  1,  p.  92) 
exists  and  is  numerically  equal  to  4.  With  these  assumptions 
he  calculated  that  eLf/u'— *0.76  as  RA—> oo.  (The  corre¬ 
sponding  value  from  Fig.  1  is  around  1.)  He  also  smoothly 
interpolated  between  this  high  Reynolds  number  solution 
and  the  low  Reynolds  number  solution  given  by  Eq.  (1).  The 
interpolated  curve  shows  a  behavior  qualitatively  not  unlike 
that  of  the  data  in  Fig.  1.  However,  because  of  the  various 
dubious  assumptions  involved  in  the  calculations,  and  also 
because  of  the  numerical  disparity  in  the  high  Reynolds 
number  limit  mentioned  earlier,  it  was  thought  unnecessary 
to  reproduce  Rotta’s  interpolation  curve. 

While  the  situation  appears  quite  satisfactory  with  re¬ 
spect  to  square-mesh  grids,  it  is  not  so  clear  for  other  types  of 
grids.  For  example,  the  quantity  eLf/u1  for  the  flow  behind 
an  array  of  parallel  rods,"’11  plotted  in  Fig.  2,  shows  a  con¬ 
siderable  scatter  and,  more  importantly,  is  higher  on  the 
average  (assuming  that  the  average  is  meaningful)  than  the 
corresponding  square-mesh  value.  (It  may  be  argued  that  the 
turbulence  behind  an  array  of  parallel  rods  may  not  have 
attained  homogeneity  and  isotropy  to  the  same  degree  of 
approximation  as  in  the  case  of  square-mesh  grids.  We  may, 


FIG.  2  (L,/u'  for  grids  of  parallel  rods  and  a  slats  grid.  Parallel  rods: 

M  =  2.54  cm  a  =  0 .37,  x/M  =  60  |Ref.  16);  +  .  M  =  10.2  cm,  o  =  0  37, 
30<,*/M<.70  (Ref.  17);  0,3/ =  2  54  cm,  <7  =  0.31,  •,  M  =  2  54  cm; 
<7  =  0.37.  The  last  two  arc  at  x/ M  =  50fromRef.  18.  □.slats  (rid.  M  =  1.9 
cm,  <7  =  0.21,  x/M  =  47  from  Ref.  16. 
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FIG.  3.  eL,/u'  for  jet-grids  of  Ref.  17.  Oat  zero  injection  rate  is  an  average  of 
10  data  points  (99</tx  <130).  Both  ©  and  Oat  injection  rates  of  7.32%  are 
averages  of  six  points  each.  /?x  1 10  for  ©  and  150  for  Q. 


however,  note  that  in  the  region  of  measurement  in  Ref.  17, 
simple  measures  of  homogeneity,  such  as  the  uniformity  of 
mean  velocity  distribution  in  the  “core  region”  of  the  wind 
tunnel  and  of  isotropy  such  as  the  ratios  of  the  root-mean- 


TABLE  I  Guide  to  the  biplane  grid  data  of  Fig.  1 . 


Source 

Grid  type 

x/M 

Symbol 

Corrsin ' 

Biplane,  round  rods 

M  =  1.27  cm,  2  54  cm 
a  —  0.44 

34-230 

□ 

Batchelor  and  Townsend" 

Biplane,  round  rods 
a  =  0  34.  M  =  0.635, 

1.27  and  2.54  cm 

20-180 

A* 

Baines  and  Peterson' 

Biplane,  square  rods 

M  =  3.38  cm,  a  =  0.44” 

27-64 

— 

Mills  ttal' 

Biplane,  round  rods 

M  =  2.54  cm,  a  =  0.44 

17-65 

o 

Kistler  and  V rebalovich* 

Biplane,  square  rods, 

M  =  17  15  cm.  <7  =  0.34 

45 

c 

Comte-Bellot  and 

Corrsin9 

Biplane,  square  rods 

M  =  2.54  and  5.08  cm 
a  =  0.34 

42-385 

9 

Lin  and  Lin10 

55 

V* 

Yeh  and  Van  Atta" 

Biplane,  round  rods 

M  =  4  cm,  a  =  0.36 

23-48 

X 

Sreenivasan  et  a!  ' 1 
(only  typical  data 
presented! 

Biplane,  round  rods 

M  -  2.54  cm,  o  =  0.44 

12-102 

• 

*  The  symbol  actually  represents  the  mean  of  several  sets  of  data  whose 
range  is  indicated  in  Fig.  I  by  a  vertical  bar  in  each  case.  At  R ,  =  14.4 
there  are  9  sets  of  data,  1 5  at  Rt  =  20.3,9atRx  =  28.4,  and  3  at  Rt  =41. 

’’Baines  and  Peterson's  data  cover  seven  biplane  grids.  Three  grids  have 
solidity  of  0.61,  0.75,  and  0  89,  and  are  likely  to  have  produced  unstable 
(low  downstream."  In  two  other  cases  ( M  =  30.5  cm  and  20.3  cm),  mea¬ 
surements  did  not  proceed  beyond  x/M  of  about  12.5.  In  the  seventh  case, 
which  alone  could  be  considered  here,  (Lr/u'  ranges  from  1.29  to  1.86; 
unfortunately,  the  corresponding  Reynolds  numbers  are  unknown,  pre¬ 
venting  us  from  plotting  the  data  in  Fig.  1 . 

*  Lin  and  Lin's  grid  is  unconventional  in  that  it  is  a  complex  structure  of 
heated  elements  repeatedly  folded  into  compact  flow  channels,  which 
themselves  are  arranged  in  a  square-mesh  fasion.  Its  exclusion  from  Fig.  I 
does  not  at  all  affect  the  conclusions. 


square  intensities  in  different  directions,  were  found  to  be 
rather  typical.)  Also  plotted  in  Fig.  2  is  a  point  for  a  slats  grid 
(looking  like  an  open  Venetian  blind)  from  Ref.  16.  In  Fig.  2, 
the  length  scale  Lf  for  Gad-el-Hak  and  Corrsin’s17  measure¬ 
ments  was  obtained  from  the  authors'  tables,  while  for  the 
Stewart  and  Townsend  data"1  it  was  computed  by  the  area 
Lg  under  transverse  correlation  curves  and  the  assumption 
that  Lf  =  2 Lg .  (The  vertical  bar  corresponds  to  the  extremes 
on  Lj  depending  upon  which  of  the  transverse  correlation 
functions  was  used  for  integration.)  Harris'*  did  not  measure 
Lr ,  and  this  is  the  exception  mentioned  earlier.  For  the  typi¬ 
cal  data  of  Harris  we  have  used,  L,/M  was  taken  from  Ref. 
17  with  the  hope  that  the  essentially  similar  configuration, 
grid  solidity,  and  experimental  conditions  justify  this  step. 

The  data  of  Figs.  I  and  2  allow  us  to  speculate  that 
eLf/u'  may  take  on  different  values  for  different  grid  config¬ 
urations.  (Unfortunately,  the  perforated  disc  data  of  neither 
Ref.  5  nor  Ref.  19  could  be  included  because  Lf  is  not  avail¬ 
able.)  Investigators  who  compare  theories  of  isotropic  turbu¬ 
lence  with  grid  turbulence  data  often  implicitly  assume  that 
the  turbulence  sufficiently  far  behind  a  grid  attains  a  charac¬ 
ter  independent  of  the  configuration  of  the  grid.  It  does  not 
quite  appear  justified,  presumably  because  the  scales  of  tur¬ 
bulence  strongly  affected  by  grid  geometry  contain  a  signifi¬ 
cant  fraction  of  energy.  This  dependence  on  initial  condi¬ 
tions  can  be  seen  more  directly  by  examining  the  data  of 
Gad-el-Hak  and  Corrsin,17  who  used  an  array  of  parallel 
rods,  in  combination  with  several  jets  of  fluid  (coflowing  as 
well  as  counterflowing)  evenly  distributed  along  each  rod,  to 
produce  nearly  homogeneous  and  isotropic  turbulence.  Fig¬ 
ure  3  shows  that  eLf/u'  in  the  downstream  region  correlates 
reasonably  well  with  the  injection  rate  of  the  jets.  It  is  worth 
noting  that  for  large  injection  rates,  eLf/u'  seems  to  ap¬ 
proach  a  value  appropriate  to  square-mesh  grid.  This  seems 
quite  reasonable  physically  because  the  grid  is  essentially  a 
parallel-rod  type  for  small  jet  speeds,  but  becomes  more 
square-mesh  type  at  high  jet  speeds. 

If  it  is  true  that  the  effects  of  grid  geometry  do  persist,  it 
is  legitimate  to  ask  why  there  does  not  seem  to  be  any  notice¬ 
able  difference  (see  Fig.  1  and  Table  I)  between  square-mesh 
grids  of  round  rods  and  square-mesh  grids  of  square  rods. 
One  would  also  like  to  know,  for  instance,  whether  there  are 
noticeable  differences  in  eLf/u'  between  single  plane  grids  of 
square  rods  and  single  plane  grids  of  round  rods.  We  suspect 
that  the  asymptotic  character  of  two  grid  flows  will  not  be 
"noticeably"  different  if  the  grid  configurations  are  “suffi¬ 
ciently"  close,  and  that,  even  in  square-mesh  grids,  if  one 
changes  the  grid  solidity  a  by  a  large  amount,  the  flow  char¬ 
acteristics  will  change  significantly.  We  note  (with  some  sur¬ 
prise)  that  a  large  body  of  literature  on  turbulence  behind 
square-mesh  grids  is  confined  to  grids  of  solidity  not  very 
different  from  0.4  (see  Table  I). 
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